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Abstract.

In a previous paper [1], we discussed the bifurcdion structure of SEIR equations
subjed to seasondlity. There, the focus was on parameters that affed transmisson:
the mean contad rate, So, and the magnitude of seasondlity, €s. Using numericd
continuation and lrute force smulation, we daraderized a globa pattern o
parametric dependencein terms of subharmonic resonances and period-douldings of
the aanual cycle. In the present paper, we extend this anaysis and consider the
effeds of varying non-contact related parameters. periods of latency, infedion and
immunity, and rates of mortality and reproduction, which, following the usual
pradice are aumed to be equal. The emergence of several new forms of dynami-
cd complexity notwithstanding, the pattern previously reported is preserved. More
predsdy, the principa effed of varying noncontad related parameters is to
displacebifurcaion curves in the So-¢s parameter plane and to expand a contradt
the regions of resonance and period-douling they delimit. Implicaions of this
observation with resped to modeling red-world epidemics are cnsidered.



Schaff er and Bronnkova 3

I ntroduction.

IR and SEIRS equations categorize host

individuals with resped to dsease status: ¢

Susceptible, Exposed (but not yet infec [s]> > > [R] —
tious), Infedious and Remvered (and

immune) (Figure 1). As such, they are used

to mode microparasitic infedions for

which explicit consideration d parasite

load [2, 3 can be negledted. When immu- [Deaths]

nity is permanent, as is approximately true L« [Covortmmmi] <

for measdles, mumps and rubela, the

Remvered classis asink, and the equations
are said to be of the SEIR type. In the cae
of transent immunity, the @rrespondng
aaonym is SEIRS the find “S’ denating
passage of individuals from the Remvered
classto the Susceptible. Over the yeas, an

Figure 1. SEIR and SEIRS models of
microparasitic infedions caegorize the
host population into four clases. In the
absence of verticd transmisdon, i.e,
from mother to fetus, individuals enter
the Susceptible dass at birth, and
theredter progress to the Exposed,

enormous literature on these equations has
acawmulated, bdh with regard to their
mathematicd properties [1, 2, 4-25] and
their utility as approximate descriptors of
red-world epidemics [8, 9, 1416, 20,26
43.

Infedious and Reavered caegories.
SEIR models presume  permanent
immunity; SEIRS models, transient
immunity, with Recvered individuals
reverting to the Susceptible dass

In the present paper, we focus on the dfeds of seasondlity. Our starting point is a
previously described [1] pattern of parametric dependence the parameters in
question being the mean contad rate, B, and the magnitude, s, of seasonal
variation thereof. Here, we extend this analysis and consider the cnsequences of
varying noncontact related parameters. mortality and reproduction, which,
foll owing customary pradice, are asumed equal, and periods of latency, infedion
and immunity. Interestingly, the ealier picture is preserved over a mnsiderable
range of parameter values. More predsely, the principal consequences of varying
noncontad related parameters are to shift bifurcaion curves in ore diredion a
another and to compress or expand the regions they delimit. This suggests an
explanation as to why equations that do obvous violence to biologicd redity can
noretheless be made to harmonize with red-world olservations [11, 13, 15,16].
Spedficdly, ore imagines that the pattern of parametric dependence here described
generalizes to more redi stic models.
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Preliminaries.

The boxes and arrows in Figure 1 can be implemented in various ways. Asin [1],
we work with ordinary differentia equations, i.e., we ignore the complexities of age
structure, spatial extensiveness explicit time delays and stochastic forcing. We
further assume cnstant popuation size, quadatic transmisson and linear transi-
tion between the remaining caegories.

Trandating these asumptionsinto mathematicsyields

dSs dE

o =m(N -S)-B()SI +rR; m =B(t)SI-(m+a)E
(1a)
%=aE—(m+g)|; Z—I?=9E-(m+r)R

where m™ is mean hast longevity and a’, g"1 andr ™t are respedively mean periods
of latency, infedion and immunity. Note the assumption d seasond variation in
transmisson —the so-cdled "schod yea effed” [44] —which we model asasimple
trigonametric function, spedficdly

B(t) = B,(1+ &, cos2rt) . (1b)
Here, Bo isthe average contad rate, and ¢g, a measure of seasondlity.

Becaise the total popuation is assumed constant, we substitute N-(S+E+I) for R
and dspense with the final equation for dR/dt. Thisyields

‘jj_f: (M+1)(N-S)-B(t)SI-r(E+1)

(10)

dE di
— =B(t)SI-(m+a)E; —=aE-(m+g)l
p ®)Sl—( ) p (m+g)

We dso replacethe remaining state variables with fradions of the total popuation.
That is, we define new variables and parameters,

s=S/N; e=E/N

)
i =1/N; B, = B,N
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This dlows usto write

g—ts =(Mm+r)A-9) - B(t)si—r(e+i)
(39)
Z_te = B(t)si—(m+a)e; % =ae=(m+g)i
where
B(t) = B,(1+¢&, cos2rt) . (30)

Equations (3a) are “semi-dimensionless” having units of inverse time, which we
measure in yeas.

Methods.

Results were obtained by numericd integration d differential equations and by
continuation d periodic itineraries and Kfurcation pants of Poincaé maps
constructed therefrom [1]. The latter were obtained by sampling solution curves of
log-transformed versions of Eqgs (3) at time intervals equal to the period d forcing,
which was one yea. Following Schwartz and his associates [26, 27, 42, 4B non
contad related parameters wereinitialy settoa = 100y'1; g= 35.84y'1, m=.02 y'l,
r=0 y'l, while Sy and &g were varied on |0, 3000y'1] and [0, 1]. Theredter, the
consequences of varying a on [15, 75y'1], gon[50, 200y'1], mon[.01, .04y'1] and
ron[o, .1Oy'1] were asesed.

Periodic orbits were mntinued —typicdly against ¢g (Figures 4 and 5 — as described
in[1]. Saddle-node and period-douling bifurcaions were identified by application
of standard criteria [45, 44. Cortinuation d the bifurcations in the Bo-¢s plane
yielded the arves shown in Figures 2, 3, 7,8 and 9.By way of contrast, curves of
boundxry and interior crises (Figure 2) were identified by brute force inspedion [1]
of forward and badkward hifurcaion dagrams.

Resonances were identified by their rotation numbers, p = m/n, where n is the
number of paints on a ¢/cle and m, the number of 2rt radian rotations required to
visit al of them. Strictly spe&ing, £ is only defined for planar mappings, whereas
Poincaé maps of Equations (3) are threedimensiona. To first approximation,
however, E(t) and I(t) are linealy related, i.e.,
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m
I(t) =——E(t) +O(e) (4)
a+g

[43]. This judtifies approximating the stroboscopic dynamics of Equations (3) as
planar maps and the gplicaion d two-dimensiona constructs, such as rotation
number, thereto.

Autonomous Dynamics.

In the @sence of seasondlity, i.e., when ég = 0, Equations (3) manifest equili brial

dynamics. More predsely, there ae two equilibria. The first is the “no-disease”
state,

x° =(s%€%i%) =(1,0,0); (5)

the second, the endemic state, x* = (s, €*, i*), whichisgiven by

s =R

(m+g)(m+r)
~ (m+g)(m+a)+r(m+g+a)

1-R7). (6)

- a(m+r)
(m+g)(m+a)+r(m+g+a)

1-R™)

Here

R, = P (72)

" (m+a)(m+g)

is the basic reprodictive rate of the disease [9, 47, 48, esentialy the number of
sendary infedions that result from a single cntagion. For the parameter values
considered here, a > mandg > m, from which foll ows the goproximation,

R, = Lo (7
g
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From (6), it is obvious that pasitivity of the endemic state, x*, requires Ry > 1. In the
case of permanent immunity, i.e., withr =0, it can further be shown [30, 33 that Ry
> 1 guarantees that x* is globdly stable on

Q={(sei)0R*|sei=0;s+e+i<T}. (8)

Correspondngly, with Ry < 1, it is the no-disease euili brium that is globally
stable.® This result is widely believed to hdd for the cae of transient immunity,
i.e., whenr >0, aswell [30], bu to date has only been proved in the caethat r is
very large or very small [50]. Conwersely, with the Reavered classdivided into
subclasses that delay the return of individuals to the pod of Susceptibles,
equili brium dynamics can give way to oscill ations [51].

Non-Autonomous Dynamics.

In the presence of seasondity, the dynamicd picture is more @mplicaed.
Following [1], we distinguish moduations of the annud cyde [26] from
subhamonic resonarces [28, 43. Viewed in the time domain, the two types of
motion are distinct. Subharmonic resonance invaves large anplitude gycling,
with the number of infedives pe&ing m times during the @murse of an n-yea
oscill ation with rotation number, p = m/n. By way of contrast, moduations of the
annual cycle manifest yealy pedks of smaller magnitude.

Schwartz and Smith [43] were the first to pdnt out that these two dynamicd
regimes can coexist, in which case there obtain multiple bifurcaion sequences —
the main period-douling sequence (MPD) of the aanual cycle and ore or more
coexisting subharmonic resonances (CSRs). Alternatively [1], the various motions
can be part of a single sequence, in which case there is unique parametric
dependence Transition from one ca&e to the other involves sequential
incorporation d CSR attradors into the MPD. Asdiscussd in [1], the processis a
step-wise dfair, procealing resonance by resonance Moreover, for ead
resonance, it is amost always true, i.e., with probability 1, that sequence merging
requires the system be “tuned” over an open set of parameter values.

Thefo-¢s Control Diagram.

One way of visualizing parametric dependenceis via control diagrams [31, 45, 46,
52], wherein bifurcaions are cntinued in parameter space The resulting curves

% This result is an extension of the theorem first published by [49] for multi-compartment (e.g.,
males and females) S models. For awide-ranging review of autonomous models in epidemiology
emphasizing the extendibility of this theorem, see[48].
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Figure 2. The fy-¢g control diagram. a. Curves of sadde-node bifurcaion — identified by rotation number, p = 1/2,
etc. — are shown in blue; period-doublings of the annwal cycle, in bladk. Red crosses denote interior crises whereby
subharmonic resonances are incorporated into the main period-doubling sequence Here, m = 0.02 y'l, a=3584 y'l,
g =100y and r = 0. b. Thep = 1/3 resonance horn showing curves of sadde-node bifurcations (SN), period-
doublings (PD) of the nodal cycle and baundary crises (BC) whereby period-3 attradors are destabili zed. Diff eren-
tial shading indicates resonance stability and incorporation status vis-a-vis the MPD. NC — non-stable and coexist-
ing, SC — stable and coexisting; NI — non-stable and incorporated; Sl — stable and incorporated. As discussed by [1],
NC resonances are part of larger chaotic saddes that coexist with MPD attradors. Conversely, Sl resonances, when

stable, congdtitute periodic windows on the MPD. Modified from [1].



Schaff er and Bronnkova 9

(surfaces in three dimensions; hypersurfaces in four; ...) divide the diagram into
regions correspondng to dfferent dynamicd regimes. Overlap of these regionsis a
necessry, bu not a sufficient, condtion for coexisting atradors and aternative
asymptotic behavior.

Figure 2a displays the Bo-¢s control diagram for Equations (3) for the default
parameters; a = 100y ™% g = 35.84y", m= .02y andr = 0 y™. Two sets of curves
are plotted. The blue airves are sadde-noce bifurcaions (SN) that give rise to
CSRs; the bladk curves, period-douldings (PD) onthe MPD. Also shown isa airve
of interior crises (IC) a which pant MPD dynamics undergo quelitative dhange
[24, 4Q.

Figure 2b treas the p = 1/3 subhermonic in greder detail. Here we identify a airve
of p = 1/3 sadde-nock bifurcaions and the first two period-doulings of the stable
3-cycle. Also dsplayed are a arve of bounday aises (BC), whereon period-3
attradors lose stability, and the interior crisis curve of Figure 2a

Regarding the airvesin Figure 2, we remark the foll owing:

1. Saddle-node Bifurcations. At ead pant along a SN curve, two cy-
cles are aeded o destroyed. Of these, ore (the nodk) isinitiadly stable,
but can undergo period-doubing to chaos. The other (the saddle) isini-
tially non-stable and remains . In Figure 2a, SN curves are labeled ac
cording to the rotation number, p = 1/n, (nis period) of their associated
cycles.

2. Resonance Horns. Except for thep = 1/2 curve (seebelow), the SN
curves delimit regions of parameter space orrespondng to cycles of the
same base period. These regions are cdled resonarce horns — dterna-
tively, Arnd'd tongues, after the famous Rusgan mathematician [53).
Manifestly, the horns pile up at the left, at fo = 200, a value significantly
greder than that (3o = g = 35.89 for which the basic reprodictive rate,
Ro = 1. Recdling [43] that Equetions (3) are dose to a @mnservative sys-
tem with n-periodic solutions that can be ecited by seasondity, we
imagine the existence of an infinite number of subharmonics, the width
of which deaeases with increasing period.

Resonance horns typicdly manifest interna complexity [54], some of
which is $hown in Figure 2b. Here, we further indicate how CSRs are in-
corporated into the MPD. As discussed in [1], incorporation begins with
BC-IC coincidence (attrador merging [55]), and concludes with IC-SN
coincidence (subdiction [56]). The @incidences are mwdmension-2 hi-
furcaions, and genericdly, they ocaur at different paints in the parameter
plane. As a mnsequence, the cntrol diagram can be divided into three
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regions. In region |, al period-3 attradors are off the MPD; in region I,
some ae incorporated and in region lll, al are incorporated. This obser-
vation, and the fad that resonant attradors lose stability on the BC curve,
leads to afour-way divison d the resonance horn: a. resonant cycles sta-
ble and coexsting with the MPD (SC); b. nonstable and coexisting
(NC); c. stable and incorporated (Sl) and d. nonstable and incorporated

(NI).

3. Period-doubling. The blac curves in Figure 2a @rrespondto pe-
riod-doulings of the yealy cycle, a processthat eventually leads to
the emergence of a small amplitude dhaotic atrador [26]. As noted
abowe, these motions bea the mark of seasonality, with the number of
infedives pe&ing yealy. Following incorporation d CSRs into the
MPD, however, i.e, for parameters above and to the right of the IC
curve, this regularity yields to a mix of annual and multi-annual epi-
demics.

The overlapping nature of the two sets of bifurcation curves makes for a ammplex
choreography in parameter space Depending on the values of Sy and €s, subler-
monic bifurcaion sequences either coexist with o are part of the MPD. In bah
cases, the resonant cycles can be stable or nat. When nonstable, they are part of
chaotic sets that themselves may be saddes or atradors [1]. Perhaps surprisingly,
al of this can be understood with reference to the airves displayed in Figure 2.
From an empiricd perspedive, the important paint is that, even when hifurcaion
sequences are @existing, bah resonant and the MPD attradors will be visited in the
presence of exogenous perturbations and finite popuation effeds [34, 40, 5T. This
is consistent with the observation d large anplitude dynamics in small popuations
for diseases uch as chickenpax and measles that manifest low amplitude gycling in
large aties[20, 4Q.

We dso nde the following sources of additional complexity:

1. Thep =1/2 Bifurcation Curve. Unlike the other subharmonics, the
p = 12 hfurcaion curve does not delimit a horn-like region. Instea,
this curve emerges from period-doulings (PD-2) of the aanual cycle.
Between these two curves, period-2 dynamics coexist with yealy oscil -
lations. Like the BC-IC and IC-SN coincidences noted abowe, the point
a which the p = 1/2 resonance originates on PD-2 is a codmension-2 bi-
furcaion. Thispant aso marks a dhangein criticality of the bifurcaions
on PD-2. For lower values of o, period-doulding is super-critical; for
higher values, sub-critical.

2. Ultra-Subharmonics. In addition to subharmonic resonances with
rotation number, p = 1/n, there ae ultra-subhamonics [58], for which
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p =m/n, m> 1. These g/cles are dso the products of SN bifurcaions.
They arise in pairs, and the initially stable member period-douldes to
chaos[1].

Responseto Varying Non-Contact Rate Related Parameters.

Loss of Immunity. The dfed of transent immunity, i.e., the transition from SEIR
to SEIRS equetions, is siown in Figure 3. Here, the sadde-node axd period
doubing bifurcaion curves of Figure 2 are recomputed for increasing vaues of r.
Comparison d the resulting control diagrams with Figure 2a indicates the foll ow-

ing:

1. The basic bifurcation structure is preserved, bu, with increasing values of
r, the arves are left-shifted, i.e., in the diredion d lower vaues of o, and
compressed.

2. Relative to the regions of period-douling, the resonance horns narrow.
For sufficiently high values of r, it is passble that bath the horns and the re-
gions of period-doulding dissppea entirely. Alternatively, the region d
complex dynamics may become so thin asto be dfedively unolservable. In
either case, rapid lossof immunity promotes annual cycling over dynamicd
complexity.

3. With increasing values of r (Figure 3c), asemndcurve of p = 1/2 sadde-
nock bifurcations emerges from PD-2. Once &ain, thereis a diange in criti-
cdity - this time from sub- to super-criticad. For still | arger values of r (Fig-
ure 3e), the sadde-node arves merge. Now thereis a dosed region d sub-
harmonic period-2 cycles boundd by bath sasdde-node and period-doulding
bifurcaions.

Figure 4 explores the mnsequences to ¢g bifurcaion dagrams of varying So
for fixed values of r. Here, we follow verticd transeds in Figure 3d (r =
.015 for a series of increasing By values. Initialy (Figure 4a), there isa sin-
gle supercriticd bifurcation that gives rise to a stable period-2 cycle. At this
paint, period-2 dynamics are moduations of the annual cycle and manifest
yealy pedsin incidence Asthetransed passs the 1% codimension-2 pdnt
(origin o the lower SN-2 curve), period-douling beaomes subcriticd. (Fig-
ure 4b). Now the period-2 cycles are resonant and nonseasond, i.e, thereis
one pe& every two yeas. Note that origination d the SN-2 cycles precales
the period-douling bifurcaion, i.e., it occurs a a lower vaue of ¢g. Next
(Figure 4c), we move our transed past the 2" codmension pant (origin o
the upper SN-2 curve). Once ajain, the period-doubing bifurcaion changes
criticdity, andthere isarange of ¢g vaues for which resonant and non
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Figure 3. Lossof immunity effed. With increasing values of the rate, r, at which Recvered individuals revert to
the Susceptible dass the resonance horns are cmpressed and shifted left. The result is dynamicd simplificetion at
high values of By, The mean periods of immunity corresponding to the r values considered are  (permanent

immunity), 400, 133 67, 20and 10y. Seetext for discusson.
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Figure 4. Changing period-2 hifurcaion diagrams in response to increasing values of S, for r = .015 Note
changing criticdity of period-doubling bifurcaions and changing numbers of saddie-node bifurcation. Other
parameters asin Figure 2. Seetext for further discusson.

resonant perioa-2 cycles coexist (Figures 6a and ). Hnally (Fgure 4d),
we placethe transed to the right of the point at which the lower SN-2
curve interseds PD-2. Now, it is the MPD cycle that first appeas, and,
again, there is a range of parameter values for which there ae two stable
2-cycles.

In Figure 3d, the two SN-2 curves are distinct — presumably they merge & a
value of Sy outside the figure. However, if we jump to Figure 3e (r = .05)
and follow a transed to the right of the joining point, we ae bad to the
stuationin Figure 4a—asingle biennia cycle onthe MPD.

4. The period3 SN curve dso undergoes complicaion (Figures 3c-3f),
with the gpeaance of a "swall ow-tail"-like structure [59]. For parameters
within this region there eist a pair of coexisting period-3 cycles (Figure 5).
Both have rotation number, p = 1/3, i.e, their Poincaré maps are qudita
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-2.75

tively the same. However, when \
plotted in the time domain (Figure

6b) or the S| plane (Figure 6d), dif- ™!
ferences become gparent. One o/-
cle manifests a single pe&k every
threeyeas, the other, two. Becaise
the seaond cycle peds twicein ore
yea, the two oscill ations are inds-
tinguishable when viewed strobo 47 ey 60
scopicdlly. The stution is analo- Figure 5. With transient immunity, the
gous to what one encourters When iyl of muitiple period-3 sadde-
computing power spedra. With @ noge pifircations — SN, SN and SNs -
sampling interval is A, the highest re-  ariges The result is two pairs of period-
solvable frequency is (2A)*, Paren- 3 cycles over a narrow range of és
theticdly, we remark that it is oriy values, i.e., between SN, and SNs. Here,

for periods > 3 that p is deducible o = 2617 and r = .0075 and the

. p . remaining parameters are & in Figure 2.
from the Poincare map. That is, ds- Note that the semnd and third SN

tinguishing p = 1/2 cscill ations from it yrcations are only discernable on the

SN.
SN

/ 3
Stable

Unstable

doubdings of the anual cycle (? = |owest cycle branch, i.e, to make them
2/2) requires knowledge of the time  out on the upper branches would require
seriesaswell asthe map. greder magnification.

Lossrates of natural immunity in dseases such as measles, mumps and rubella ae
hard to come by. Still, waning vacdne-induced immunity [60, 61, as well as the
occasional case report [62], may betoken the fad that r = 0 is only approximate.
Sensitivity of the Bo-¢s control diagram to small departures from permanent
immunity further suggests that the asumption may well be improvident. On the
other hand, in the dsence of widespread vacanation, repeded expaosure of
nominaly immune individuals to their infedious peas may effedively play the
role of booster shots [60]. In this case, however, the boxes and arrows of Figure 1
require modificaion.

Other Parameters. Increased reproduction (increasing the common krth-deah
rate, m and reduced latency (increasing the rate, a, a which Exposed individuas
bemme Infedious), induce danges (Figures 7, 8 in the cntrol diagram similar to
those occasioned by reducing the period o immunity. That is, bifurcaion curves are
|eft-shifted and compressed. Additionall y, complexity invaving period-2 cycles and
swallow-tails is aso olserved. Conwversely, diminished periods of contagion
(increasing therate, g, a which infedious individuas recover and tecome immune),
expands the bifurcation curves and shifts them to the right (Figure 9).

With regard to varying m, it is worth remembering that overall correlations between
fertility and mortality notwithstanding [63, 64, these rates do nd always change
in lockstep. As a result, assesdng the dynamicd consequences of changing
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Figure 6. Coexisting stable period-2 and period-3 cycles in an SEIRS model. a. and c. Period-2 (biennial)
dynamics. Shown in blad is a doubling of the annwal cycle; shown in blue, a subharmonic resonance In the
former case, incidence peks every yea; in the latter, there is a single pesk per oscill ation. o = 2285y &5 =
203 r = .015y™". Other parameters as in Figure 2. b. and d. Period-3 (triennial) dynamics. Two cycles are
observed. Of these, one (shown in bladk) manifests a single pe&k in the number of infedives; the other (shown in
blue), two peaks. Asdiscussd in the text, these gycles are stroboscopicdly indistinguishable, i.e., bath have p =1/3,
becaise, in the second case, both peeks occur within asinde yea. 5, = 2617y‘l; eg = .524% r = .0075y . Other
parameters asin Figure 2.

demography [11] with any constant popuation size model entails unknowvn, and
possbly significant, risks. Pertinent in this regard is the fad that most, if nat all,
of the time series, e.g., [7, 11, 13, 20, 22, 35, 65, Reanayzed from the view-
point of norinea dynamics are from popuations manifesting substantial changes
in number, age structure, life expedancy, etc., duing the yeas in question. For
example, many include the yeas of World War II.

V. Discussion.

Tempora mutantur et mutamur. The results presented here and in [1] sharpen an
edlier view [4, 25, 29 of seasonal SEIR dynamics, which is that
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Figure 7. Mortdlity-reauitment effed. With increasing values of ¢ (deaeased longevity, increased reproduction)
the bifurcaion curves are left-shifted and compressed. The values of m correspond to life expedancies of 100
50, 33and 25y.
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Figure 8. Latency effed. With deaeasing latency (higher values of &), bifurcaion curves are | eft-shifted and
the resonance arrves compressed. The values of a correspond to latency periods of 24, 18, 10and 5 d
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Figure9. Infedious period effed. With deaeasinginfedious periods (higher values of g) bifurcation curves are
right-shifted and expanded. The values of g correspond to infedious periods of 7, 4, 2.4 and 1.2 d.
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“seasonal variation in transmission ... can ‘pump’ ... otherwise damped
oscillations, locking the system into sustained cycles whose periods are
an integral number of years” [47].

We ill ustrate this gate of affairs in Figure 10, wherein saddle-node and period
douling curves are superposed onthe So-¢s plane mlor-coded by P.* Thus, P =
1-2 y is compatible with resonances of 2-6y; P = 2-3y, with resonances of 2-14y,
etc. (Figure 10a). Similarly, all possble values of P are compatible with annual
cycling, while P = 1-3 y is compatible with al of the period-douldings (Figure
10b).

Shifting Regions of Complexity. The pattern of parametric dependence reported

here is representative of noninea systems subjed to periodic forcing [52, 54, 59,
67, 68§. For example, in the murse of modeling autonamous kinetics in an enzyme-

caayzed readion, [69, 70] observed the eistence of an oscill atory region ouside

of which the dynamics are stationary. The @rrespondng nonautonamous picture

[71] isaregion d complex periodicity surrounced by period-1 cycles.

An obvous, bu noretheess important, consequence of shifting of regions of
complex dynamics invaves clams that varying particular parameters is “stabili z-
ing” or “destabili zing.” Often, such assertions require darification, since the terms
only have meaning with regard to the system’s locdion in parameter space In the
present case, |eft-shifting the resonance horns can be destahili zing for systemsto the
left of the acamulation pant, and stabili zing for those to the right of it. In the first
instance, ore may observe atranstion from annual to multi-annual cycles; in the
second, multi-annual to annual. With the aldtion d exogenous perturbations and
finite popuation effeds, ore expeds a mix of behaviors for systems inside the
region d complex dynamics and nasy yealy cycling for those outside — see[72].

An Analogy. Intuitively, the global dynamicd picture makes ense if one analo-
gizes outbre&ks of infedion to summer wildfires in semi-arid scrub. According to
this, Susceptibles are the tinder; | nfedives, the sparks; fo, the tinder’s flammabilit y,
i.e, the per spark likelihood d ignition, and ¢g, a measure of the severity of the wet-
dry cycle® It follows that there is a minimum combustibility (5o = g), below which
firesareimpossble. Increasing flammabilit y above this value results in annual burns
inwhich orly afradion d thetinder is consumed. With further increases (8o = 200),
multi-yea cycles become posshble. Now fuel can acaimulate from one yea to the

* By definition, the period d damped oscill ations induced by the aitonomous equations is
independent of €g — hencethe verticd stripes of color in Figure 10.

® The analogy is not exad. In the wildfire model, sparks are generated not only by smoldering
tinder, but also by lightning strikes and human adivity. The eidemiologicd equivalent is the
inflow of infedives into semi-isolated populations [76].
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p=1/16-
0
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1
81; |
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3000
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Figure 10. Autonomous vs. non-autonomous dynamics. The p = 1/2 - 1/16 resonance
horns (a.) and period-doubling curves (b.) are superpased on the fo-¢g plane wlor-
coded by the period, P, of damped oscill ations about the exdemic equili brium, x*, of
the autonomous equations. Color-coding is by the visible spedrum with dark red
correspondingto P = 1y, and dark purpleto P > 14 y. Parameter values as in Figure
2.
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next before being consumed more or less entirely in a mgor conflagration. Still
further increases in combustibility return the system to the annudl pattern — the
tinder has beame so flammable that it burns every summer and rever acamulates.
This explains the overal form of the @wntrol diagram.

To comprehend the cnsequences of varying noncontad related parameters, we
observe that moretinder, i.e., Susceptibles, results from increasing lossof immunity,
r, and also from greaer reproduction, m.® Likewise, deaeasing latency (larger a)
increases the number of sparks. In bah cases, transmisgon, which dependson Sx |,
will be promoted, and kfurcation curves sifted left. Correspondngly, deaeasing
the infedious period (larger g) impedes transmisgon (fewer sparks) and right-shifts
the arves.

Robustness. Following [11, 15, 16, 2B we imagine that qualit ative robustness of
the Bo-¢g control diagram likely explains the successul use [13] of historicd data
to parameterize equations that omit important biologicd details. If thisis corred,
age structure [5, 41], nonexporentia transitions between hast popuation classes
[15, 16,29, nordinea transmisson [73-75], more redistic forcing functions [11,
22, 41 and aher complicaing fadors, will prove similar in their effed on owerall
parametric dependenceto the results reported here.

The broader issue is the extent to which “bad” models can be made servicedle by
judicious choice of parameter values. Idedly, ore estimates parameters independ-
ently of experimental observations and compares observation to prediction.
Fallure to oltain satisfadory levels of correspondenceis then deemed grounds for
reformulating the model. But this presumes the adility to charaderize acarately
bath the medhanisms and the parameters. As a rule, increased hiologicd redism
necesstates more equations and more parameters, with the cnsequent introduc-
tion d error. In short, the problem is analogous to what one encourters in the
course of numericd integration. deaeasing step size reduces the eror per step,
but there ae more steps, so that the total error can increase

Alternatively, ore can estimate some or all of the parameters from the data. This
approadh, uilized by Cushing and his associates ([77] and references therein) in
modeling flour bedle popdation dynamics, has been applied to childhood
epidemics by [13]. Previously, similar procedures were implemented [20, 39, 40
as an dternative to estimating seasondlity diredly [78, 79. In these investigations,
deterministic and stochastic versions of Equations (3) were solved for ¢g values
correspondng to dfferent dynamicd regimes and the arrespondence, as quanti-
fied by dynamicd invariants [80], with historica natifications asessd. Like the
far cleaner Tribadium studies, these investigations viewed the differential equa-
tions as proxies for the “red” equations that determine dynamics in nature.

® In the cae of m, the dfed would be more pronounced if births and deahs were deaupled.
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Moreover, the manifest artificidity [73-75] of quadratic transmisson and trigo-
nometric seasonality [22] led to the expedation that the “best” values of €g would
probably differ from those estimated independently. Note the underlying pre-
sumption: that patterns of parametric dependencein the “red” equations and the
proxies are qualitatively equivalent, or, as Schaffer and Olsen [39] observed back
in 1989,

“... that the differential equations ... exhibit a range of dynamical possi-
bilities that reasonably approximate what one can expect to observe in
nature, though not necessarily for the same parameter values.” [Empha-
Sis added]

In short, one imagines that there eist points in parameter spacefor which the
proxies reproduce what is adually going on — rence the importance of determin-
ing whether or nat the observations reported here generali ze.

Conclusion. We dose on a dou nate. Reaurrent epidemics of childhood diseases
and fluctuating densities of Tribdium in a bottle ae sometimes held up as elogi-
cd equivaents of the inclined planes and frictionlesspendua of classcd medan-
ics. As such, they are presumed to be representative, at least in their essentias, of
more complex red-world prenomena. But are they? In physics, ore can pant to
whde disciplines, for example, cdestiad medanics, in which smple equations
acarately predict nature, that theory and olservation are dfedively equivaent.
Such is surely nat the cae in eclogy where one substitutes potatoes for sted balls
and hll sides for inclined pganes, or, to pu it anather way, where multi ple overlap-
ping time and length scdes are inescapable. Recdli ng the kingdom of the mapmak-
ers[81], ore can, d course, incorporate a much detail asdesired in simulo, bu only
a the risk of repeaing their folly while incurring the difficulties indicaed abowe.
How best to proceal, we believe, is the fundamental problem confronting theoreti-
cd emlogy. Perhaps sosme mmbination d phenomendogicd equations, which
admit to mathematicd analysis, and cetailed simulation will prove aredpe for
progress — seg for example, Crommelin’s approach [82] to modeling the @mos-
phere.
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