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Abstract.

In a previous paper [1], we discussed the bifurcation structure of SEIR equations
subject to seasonality. There, the focus was on parameters that affect transmission:
the mean contact rate, �0, and the magnitude of seasonality, 0B. Using numerical
continuation and brute force simulation, we characterized a global pattern of
parametric dependence in terms of subharmonic resonances and period-doublings of
the annual cycle. In the present paper, we extend this analysis and consider the
effects of varying non-contact related parameters: periods of latency, infection and
immunity, and rates of mortality and reproduction, which, following the usual
practice, are assumed to be equal. The emergence of several new forms of dynami-
cal complexity notwithstanding, the pattern previously reported is preserved. More
precisely, the principal effect of varying non-contact related parameters is to
displace bifurcation curves in the �0-0B parameter plane and to expand or contract
the regions of resonance and period-doubling they delimit . Implications of this
observation with respect to modeling real-world epidemics are considered.
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Introduction.

SEIR and SEIRS equations categorize host
individuals with respect to disease status:
Susceptible, Exposed (but not yet infec-
tious), Infectious and Recovered (and
immune) (Figure 1). As such, they are used
to model microparasitic infections for
which explicit consideration of parasite
load [2, 3] can be neglected. When immu-
nity is permanent, as is approximately true
for measles, mumps and rubella, the
Recovered class is a sink, and the equations
are said to be of the SEIR type. In the case
of transient immunity, the corresponding
acronym is SEIRS, the final “S” denoting
passage of individuals from the Recovered
class to the Susceptible. Over the years, an
enormous literature on these equations has
accumulated, both with regard to their
mathematical properties [1, 2, 4-25] and
their utilit y as approximate descriptors of
real-world epidemics [8, 9, 14-16, 20, 26-
43].

In the present paper, we focus on the effects of seasonality. Our starting point is a
previously described [1] pattern of parametric dependence, the parameters in
question being the mean contact rate, β0, and the magnitude, εB, of seasonal
variation thereof. Here, we extend this analysis and consider the consequences of
varying non-contact related parameters: mortality and reproduction, which,
following customary practice, are assumed equal, and periods of latency, infection
and immunity. Interestingly, the earlier picture is preserved over a considerable
range of parameter values. More precisely, the principal consequences of varying
non-contact related parameters are to shift bifurcation curves in one direction or
another and to compress or expand the regions they delimit . This suggests an
explanation as to why equations that do obvious violence to biological reality can
nonetheless be made to harmonize with real-world observations [11, 13, 15, 16].
Specifically, one imagines that the pattern of parametric dependence here described
generalizes to more realistic models.

Figure 1. SEIR and SEIRS models of
microparasitic infections categorize the
host population into four classes. In the
absence of vertical transmission, i.e.,
from mother to fetus, individuals enter
the Susceptible class at birth, and
thereafter progress to the Exposed,
Infectious and Recovered categories.
SEIR models presume permanent
immunity; SEIRS models, transient
immunity, with Recovered individuals
reverting to the Susceptible class.
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Preliminaries.

The boxes and arrows in Figure 1 can be implemented in various ways.  As in [1],
we work with ordinary differential equations, i.e., we ignore the complexities of age
structure, spatial extensiveness, explicit time delays and stochastic forcing. We
further assume constant population size, quadratic transmission and linear transi-
tion between the remaining categories.

Translating these assumptions into mathematics yields
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where m-1 is mean host longevity and a-1, g--1 and r--1 are respectively mean periods
of latency, infection and immunity. Note the assumption of seasonal variation in
transmission – the so-called "school year effect" [44] – which we model as a simple
trigonometric function, specifically
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Here, B0 is the average contact rate, and 0B, a measure of seasonality.

Because the total population is assumed constant, we substitute N-(S+E+I) for R
and dispense with the final equation for dR/dt. This yields
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We also replace the remaining state variables with fractions of the total population.
That is, we define new variables and parameters,
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This allows us to write
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where
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Equations (3a) are “semi-dimensionless,” having units of inverse time, which we
measure in years.

Methods.

Results were obtained by numerical integration of differential equations and by
continuation of periodic itineraries and bifurcation points of Poincaré maps
constructed therefrom [1]. The latter were obtained by sampling solution curves of
log-transformed versions of Eqs (3) at time intervals equal to the period of forcing,
which was one year. Following Schwartz and his associates [26, 27, 42, 43], non-
contact related parameters were initially set to a = 100 y-1; g = 35.84 y-1, m = .02 y-1,
r = 0 y-1, while �0 and 0B were varied on [0, 3000 y-1] and [0, 1]. Thereafter, the
consequences of varying a on [15, 75 y-1], g on [50, 200 y-1], m on [.01, .04 y-1] and
r on [0, .10 y-1] were assessed. 

Periodic orbits were continued – typically against 0B (Figures 4 and 5) – as described
in [1]. Saddle-node and period-doubling bifurcations were identified by application
of standard criteria [45, 46]. Continuation of the bifurcations in the �0�0B plane
yielded the curves shown in Figures 2, 3, 7, 8 and 9. By way of contrast, curves of
boundary and interior crises (Figure 2) were identified by brute force inspection [1]
of forward and backward bifurcation diagrams.

Resonances were identified by their rotation numbers, !�  � P�Q, where n is the
number of points on a cycle and m, the number of 2π radian rotations required to
visit all of them. Strictly speaking, ! is only defined for planar mappings, whereas
Poincaré maps of Equations (3) are three-dimensional. To first approximation,
however, E(t) and I(t) are linearly related, i.e.,
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[43]. This justifies approximating the stroboscopic dynamics of Equations (3) as
planar maps and the application of two-dimensional constructs, such as rotation
number, thereto.

Autonomous Dynamics.

In the absence of seasonality, i.e., when 0B = 0, Equations (3) manifest equili brial
dynamics. More precisely, there are two equili bria. The first is the “no-disease”
state,
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the second, the endemic state, x* = (s*, e*, i* ), which is given by
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is the basic reproductive rate of the disease [9, 47, 48], essentially the number of
secondary infections that result from a single contagion. For the parameter values
considered here, a R m and g R m, from which follows the approximation,
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From (6), it is obvious that positivity of the endemic state, x* , requires R0 > 1. In the
case of permanent immunity, i.e., with r = 0, it can further be shown [30, 33] that R0

> 1 guarantees that x*  is globally stable on

}1;0,,|),,{( 3 ≤++≥∈=Ω iesiesies R . (8)

Correspondingly, with R0 < 1, it is the no-disease equili brium that is globally
stable.3 This result is widely believed to hold for the case of transient immunity,
i.e., when r > 0, as well [30], but to date has only been proved in the case that r is
very large or very small [50]. Conversely, with the Recovered class divided into
subclasses that delay the return of individuals to the pool of Susceptibles,
equili brium dynamics can give way to oscill ations [51].

Non-Autonomous Dynamics.

In the presence of seasonality, the dynamical picture is more complicated.
Following [1], we distinguish modulations of the annual cycle [26] from
subharmonic resonances [28, 43]. Viewed in the time domain, the two types of
motion are distinct. Subharmonic resonance involves large amplitude cycling,
with the number of infectives peaking m times during the course of an n-year
oscill ation with rotation number, ρ = m/n. By way of contrast, modulations of the
annual cycle manifest yearly peaks of smaller magnitude.

Schwartz and Smith [43] were the first to point out that these two dynamical
regimes can coexist, in which case there obtain multiple bifurcation sequences –
the main period-doubling sequence (MPD) of the annual cycle and one or more
coexisting subharmonic resonances (CSRs). Alternatively [1], the various motions
can be part of a single sequence, in which case there is unique parametric
dependence. Transition from one case to the other involves sequential
incorporation of CSR attractors into the MPD. As discussed in [1], the process is a
step-wise affair, proceeding resonance by resonance. Moreover, for each
resonance, it is almost always true, i.e., with probabilit y 1, that sequence merging
requires the system be “tuned” over an open set of parameter values.

The �0�0B Control Diagram.

One way of visualizing parametric dependence is via control diagrams [31, 45, 46,
52], wherein bifurcations are continued in parameter space. The resulting curves

                    
3 This result is an extension of the theorem first published by [49] for multi -compartment (e.g.,
males and females) SI models. For a wide-ranging review of autonomous models in epidemiology
emphasizing the extendibilit y of this theorem, see [48].
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Figure 2. The �0�0B control diagram. a. Curves of saddle-node bifurcation – identified by rotation number, !�= 1/2,
etc. – are shown in blue; period-doublings of the annual cycle, in black. Red crosses denote interior crises whereby
subharmonic resonances are incorporated into the main period-doubling sequence. Here, m = 0.02 y-1, a = 35.84 y-1,
g = 100 y-1 and r = 0.  b. The !�= 1/3 resonance horn showing curves of saddle-node bifurcations (SN), period-
doublings (PD) of the nodal cycle and boundary crises (BC) whereby period-3 attractors are destabili zed. Differen-
tial shading indicates resonance stabilit y and incorporation status vis-à-vis the MPD. NC – non-stable and coexist-
ing; SC – stable and coexisting; NI – non-stable and incorporated; SI – stable and incorporated. As discussed by [1],
NC resonances are part of larger chaotic saddles that coexist with MPD attractors. Conversely, SI resonances, when
stable, constitute periodic windows on the MPD. Modified from [1].
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(surfaces in three dimensions; hypersurfaces in four; …) divide the diagram into
regions corresponding to different dynamical regimes. Overlap of these regions is a
necessary, but not a suff icient, condition for coexisting attractors and alternative
asymptotic behavior.

Figure 2a displays the �0�0B control diagram for Equations (3) for the default
parameters: a = 100 y-1; g = 35.84 y-1, m = .02 y-1and r = 0 y-1. Two sets of curves
are plotted. The blue curves are saddle-node bifurcations (SN) that give rise to
CSRs; the black curves, period-doublings (PD) on the MPD. Also shown is a curve
of interior crises (IC) at which point MPD dynamics undergo qualitative change
[24, 40].

Figure 2b treats the !�= 1/3 subharmonic in greater detail . Here we identify a curve
of !�= 1/3 saddle-node bifurcations and the first two period-doublings of the stable
3-cycle. Also displayed are a curve of boundary crises (BC), whereon period-3
attractors lose stabilit y, and the interior crisis curve of Figure 2a.

Regarding the curves in Figure 2, we remark the following:

1. Saddle-node Bifurcations. At each point along a SN curve, two cy-
cles are created or destroyed. Of these, one (the node) is initially stable,
but can undergo period-doubling to chaos. The other (the saddle) is ini-
tially non-stable and remains so. In Figure 2a, SN curves are labeled ac-
cording to the rotation number, !� �1/n, (n is period) of their associated
cycles.

2. Resonance Horns. Except for the !� ���� curve (see below), the SN
curves delimit regions of parameter space corresponding to cycles of the
same base period. These regions are called resonance horns – alterna-
tively, Arnol'd tongues, after the famous Russian mathematician [53].
Manifestly, the horns pile up at the left, at �0 §������D�YDOXH�VLJQLILFDQWO\
greater than that (β0 ≈ g = 35.84) for which the basic reproductive rate,
R0 = 1. Recalli ng [43] that Equations (3) are close to a conservative sys-
tem with n-periodic solutions that can be excited by seasonality, we
imagine the existence of an infinite number of subharmonics, the width
of which decreases with increasing period.

Resonance horns typically manifest internal complexity [54], some of
which is shown in Figure 2b. Here, we further indicate how CSRs are in-
corporated into the MPD. As discussed in [1], incorporation begins with
BC-IC coincidence (attractor merging [55]), and concludes with IC-SN
coincidence (subduction [56]). The coincidences are codimension-2 bi-
furcations, and generically, they occur at different points in the parameter
plane. As a consequence, the control diagram can be divided into three
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regions. In region I, all period-3 attractors are off the MPD; in region II,
some are incorporated and in region III , all are incorporated. This obser-
vation, and the fact that resonant attractors lose stabilit y on the BC curve,
leads to a four-way division of the resonance horn: a. resonant cycles sta-
ble and coexisting with the MPD (SC); b. non-stable and coexisting
(NC); c. stable and incorporated (SI) and d. non-stable and incorporated
(NI).

3. Period-doubling. The black curves in Figure 2a correspond to pe-
riod-doublings of the yearly cycle, a process that eventually leads to
the emergence of a small amplitude chaotic attractor [26]. As noted
above, these motions bear the mark of seasonality, with the number of
infectives peaking yearly. Following incorporation of CSRs into the
MPD, however, i.e., for parameters above and to the right of the IC
curve, this regularity yields to a mix of annual and multi -annual epi-
demics.

The overlapping nature of the two sets of bifurcation curves makes for a complex
choreography in parameter space. Depending on the values of �0 and 0B, subhar-
monic bifurcation sequences either coexist with or are part of the MPD. In both
cases, the resonant cycles can be stable or not. When non-stable, they are part of
chaotic sets that themselves may be saddles or attractors [1]. Perhaps surprisingly,
all of this can be understood with reference to the curves displayed in Figure 2.
From an empirical perspective, the important point is that, even when bifurcation
sequences are coexisting, both resonant and the MPD attractors will be visited in the
presence of exogenous perturbations and finite population effects [34, 40, 57]. This
is consistent with the observation of large amplitude dynamics in small populations
for diseases such as chickenpox and measles that manifest low amplitude cycling in
large cities [20, 40].

We also note the following sources of additional complexity:

1. The ! = 1/2 Bifurcation Curve. Unlike the other subharmonics, the
!�= 1/2 bifurcation curve does not delimit a horn-like region. Instead,
this curve emerges from period-doublings (PD-2) of the annual cycle.
Between these two curves, period-2 dynamics coexist with yearly oscil -
lations. Like the BC-IC and IC-SN coincidences noted above, the point
at which the !�= 1/2 resonance originates on PD-2 is a codimension-2 bi-
furcation. This point also marks a change in criticality of the bifurcations
on PD-2. For lower values of �0, period-doubling is super-critical; for
higher values, sub-critical.

2. Ultra-Subharmonics. In addition to subharmonic resonances with
rotation number, !� ���Q, there are ultra-subharmonics [58], for which
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!� �P�Q, m > 1. These cycles are also the products of SN bifurcations.
They arise in pairs, and the initially stable member period-doubles to
chaos [1].

Response to Varying Non-Contact Rate Related Parameters.

Loss of Immunity. The effect of transient immunity, i.e., the transition from SEIR
to SEIRS equations, is shown in Figure 3. Here, the saddle-node and period-
doubling bifurcation curves of Figure 2 are recomputed for increasing values of r.
Comparison of the resulting control diagrams with Figure 2a indicates the follow-
ing:

1. The basic bifurcation structure is preserved, but, with increasing values of
r, the curves are left-shifted, i.e., in the direction of lower values of �0, and
compressed.

2. Relative to the regions of period-doubling, the resonance horns narrow.
For suff iciently high values of r, it is possible that both the horns and the re-
gions of period-doubling disappear entirely. Alternatively, the region of
complex dynamics may become so thin as to be effectively unobservable. In
either case, rapid loss of immunity promotes annual cycling over dynamical
complexity.

3. With increasing values of r (Figure 3c), a second curve of ! = 1/2 saddle-
node bifurcations emerges from PD-2. Once again, there is a change in criti -
cality - this time from sub- to super-critical. For still l arger values of r (Fig-
ure 3e), the saddle-node curves merge. Now there is a closed region of sub-
harmonic period-2 cycles bounded by both saddle-node and period-doubling
bifurcations.

Figure 4 explores the consequences to 0B bifurcation diagrams of varying �0

for fixed values of r. Here, we follow vertical transects in Figure 3d (r =
.015) for a series of increasing �0 values. Initially (Figure 4a), there is a sin-
gle supercritical bifurcation that gives rise to a stable period-2 cycle. At this
point, period-2 dynamics are modulations of the annual cycle and manifest
yearly peaks in incidence. As the transect passes the 1st codimension-2 point
(origin of the lower SN-2 curve), period-doubling becomes subcritical. (Fig-
ure 4b). Now the period-2 cycles are resonant and non-seasonal, i.e., there is
one peak every two years. Note that origination of the SN-2 cycles precedes
the period-doubling bifurcation, i.e., it occurs at a lower value of 0B. Next
(Figure 4c), we move our transect past the 2nd codimension point (origin of
the upper SN-2 curve). Once again, the period-doubling bifurcation changes
criticality, and there is a range of 0B values for which resonant and non-
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Figure 3.  Loss of immunity effect. With increasing values of the rate, r, at which Recovered individuals revert to
the Susceptible class, the resonance horns are compressed and shifted left. The result is dynamical simpli fication at
KLJK� YDOXHV� RI� �0. The mean periods of immunity corresponding to the r values considered are �� �SHUPDQHQW
immunity), 400, 133, 67, 20 and 10 y. See text for discussion.
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resonant period-2 cycles coexist (Figures 6a and 6c). Finally (Figure 4d),
we place the transect to the right of the point at which the lower SN-2
curve intersects PD-2. Now, it is the MPD cycle that first appears, and,
again, there is a range of parameter values for which there are two stable
2-cycles.

In Figure 3d, the two SN-2 curves are distinct – presumably they merge at a
value of �0 outside the figure. However, if we jump to Figure 3e (r = .05)
and follow a transect to the right of the joining point, we are back to the
situation in Figure 4a – a single biennial cycle on the MPD.

4. The period-3 SN curve also undergoes complication (Figures 3c-3f),
with the appearance of a "swallow-tail "-like structure [59]. For parameters
within this region there exist a pair of coexisting period-3 cycles (Figure 5).
Both have rotation number, ! = 1/3, i.e., their Poincaré maps are qualita-

Figure 4. Changing period-2 bifurcation diagrams in response to increasing values of �0 for r = .015. Note
changing criticality of period-doubling bifurcations and changing numbers of saddle-node bifurcation. Other
parameters as in Figure 2. See text for further discussion.
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tively the same. However, when
plotted in the time domain (Figure
6b) or the S-I plane (Figure 6d), dif-
ferences become apparent. One cy-
cle manifests a single peak every
three years; the other, two. Because
the second cycle peaks twice in one
year, the two oscill ations are indis-
tinguishable when viewed strobo-
scopically. The situation is analo-
gous to what one encounters when
computing power spectra. With a
VDPSOLQJ�LQWHUYDO�LV�û��WKH�KLJKHVW�Ue-
solvable frequency LV� ��û�-1. Paren-
thetically, we remark that it is only
for periods �� �� WKDW� ! is deducible
from the Poincaré map. That is, dis-
tinguishing ! = 1/2 oscill ations from
doublings of the annual cycle (! =
2/2) requires knowledge of the time
series as well as the map.

Loss rates of natural immunity in diseases such as measles, mumps and rubella are
hard to come by. Still , waning vaccine-induced immunity [60, 61], as well as the
occasional case report [62], may betoken the fact that r = 0 is only approximate.
Sensitivity of the �0�0B control diagram to small departures from permanent
immunity further suggests that the assumption may well be improvident. On the
other hand, in the absence of widespread vaccination, repeated exposure of
nominally immune individuals to their infectious peers may effectively play the
role of booster shots [60]. In this case, however, the boxes and arrows of Figure 1
require modification.

Other Parameters. Increased reproduction (increasing the common birth-death
rate, m and reduced latency (increasing the rate, a, at which Exposed individuals
become Infectious), induce changes (Figures 7, 8) in the control diagram similar to
those occasioned by reducing the period of immunity. That is, bifurcation curves are
left-shifted and compressed. Additionally, complexity involving period-2 cycles and
swallow-tails is also observed. Conversely, diminished periods of contagion
(increasing the rate, g, at which infectious individuals recover and become immune),
expands the bifurcation curves and shifts them to the right (Figure 9).

With regard to varying m, it is worth remembering that overall correlations between
fertilit y and mortality notwithstanding [63, 64], these rates do not always change
in lockstep. As a result, assessing the dynamical consequences of changing

Figure 5. With transient immunity, the
possibilit y of multiple period-3 saddle-
node bifurcations – SN1, SN2 and SN3 –
arises.  The result is two pairs of period-
3 cycles over a narrow range of 0B

values, i.e., between SN2 and SN3. Here,
�0 = 2617 and r = .0075, and the
remaining parameters are as in Figure 2.
Note that the second and third SN
bifurcations are only discernable on the
lowest cycle branch, i.e., to make them
out on the upper branches would require
greater magnification.
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demography [11] with any constant population size model entails unknown, and
possibly significant, risks. Pertinent in this regard is the fact that most, if not all ,
of the time series, e.g., [7, 11, 13, 20, 22, 35, 65, 66], analyzed from the view-
point of nonlinear dynamics are from populations manifesting substantial changes
in number, age structure, li fe expectancy, etc., during the years in question. For
example, many include the years of World War II .

V. Discussion.

Tempora mutantur et mutamur. The results presented here and in [1] sharpen an
earlier view [4, 25, 29] of seasonal SEIR dynamics, which is that

Figure 6. Coexisting stable period-2 and period-3 cycles in an SEIRS model. a. and c. Period-2 (biennial)
dynamics. Shown in black is a doubling of the annual cycle; shown in blue, a subharmonic resonance. In the
former case, incidence peaks every year; in the latter, there is a single peak per oscill ation. �0 = 2285 y-1; 0B =
.203; r = .015 y-1. Other parameters as in Figure 2. b. and d. Period-3 (triennial) dynamics. Two cycles are
observed. Of these, one (shown in black) manifests a single peak in the number of infectives; the other (shown in
blue), two peaks. As discussed in the text, these cycles are stroboscopically indistinguishable, i.e., both have ρ = 1/3,
because, in the second case, both peaks occur within a single year. �0 = 2617 y-1; 0B = .5241; r = .0075 y-1. Other
parameters as in Figure 2.
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Figure 7. Mortality-recruitment effect. With increasing values of � (decreased longevity, increased reproduction)
the bifurcation curves are left-shifted and compressed. The values of m correspond to li fe expectancies of 100,
50, 33 and 25 y.
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Figure 8.  Latency effect. With decreasing latency  (higher values of a), bifurcation curves are left-shifted and
the resonance curves compressed. The values of a correspond to latency periods of 24, 18, 10 and 5 d.
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Figure 9.  Infectious period effect.  With decreasing infectious periods (higher values of g) bifurcation curves are
right-shifted and expanded. The values of g correspond to infectious periods of 7, 4, 2.4 and 1.2 d.
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 “seasonal variation in transmission … can ‘pump’ … otherwise damped
oscillations, locking the system into sustained cycles whose periods are
an integral number of years” [47]. 

We ill ustrate this state of affairs in Figure 10, wherein saddle-node and period-
doubling curves are superposed on the �0�0B plane color-coded by P.4  Thus, P =
1-2 y is compatible with resonances of 2-6 y; P = 2-3 y, with resonances of 2-14 y,
 etc. (Figure 10a). Similarly, all possible values of P are compatible with annual
cycling, while P = 1-3 y is compatible with all of the period-doublings (Figure
10b).

Shifting Regions of Complexity. The pattern of parametric dependence reported
here is representative of nonlinear systems subject to periodic forcing [52, 54, 59,
67, 68]. For example, in the course of modeling autonomous kinetics in an enzyme-
catalyzed reaction, [69, 70] observed the existence of an oscill atory region outside
of which the dynamics are stationary. The corresponding non-autonomous picture
[71] is a region of complex periodicity surrounded by period-1 cycles.

An obvious, but nonetheless important, consequence of shifting of regions of
complex dynamics involves claims that varying particular parameters is “stabili z-
ing” or “destabili zing.” Often, such assertions require clarification, since the terms
only have meaning with regard to the system’s location in parameter space. In the
present case, left-shifting the resonance horns can be destabili zing for systems to the
left of the accumulation point, and stabili zing for those to the right of it. In the first
instance, one may observe a transition from annual to multi -annual cycles; in the
second, multi -annual to annual. With the addition of exogenous perturbations and
finite population effects, one expects a mix of behaviors for systems inside the
region of complex dynamics and noisy yearly cycling for those outside – see [72].

An Analogy. Intuitively, the global dynamical picture makes sense if one analo-
gizes outbreaks of infection to summer wildfires in semi-arid scrub. According to
this, Susceptibles are the tinder; Infectives, the sparks; �0, the tinder’s flammabilit y,
i.e., the per spark likelihood of ignition, and 0B, a measure of the severity of the wet-
dry cycle.5  It follows that there is a minimum combustibilit y (�0 §�g), below which
fires are impossible. Increasing flammabilit y above this value results in annual burns
in which only a fraction of the tinder is consumed. With further increases (�0 §������
multi -year cycles become possible. Now fuel can accumulate from one year to the

                    
4 By definition, the period of damped oscill ations induced by the autonomous equations is
independent of 0B – hence the vertical stripes of color in Figure 10.

5 The analogy is not exact. In the wildfire model, sparks are generated not only by smoldering
tinder, but also by lightning strikes and human activity. The epidemiological equivalent is the
inflow of infectives into semi-isolated populations [76].
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Figure 10. Autonomous vs. non-autonomous dynamics. The ! = 1/2 - 1/16 resonance
horns (a.) and period-doubling curves (b.) are superposed on the �0�0B plane color-
coded by the period, P, of damped oscill ations about the endemic equili brium, x*, of
the autonomous equations.  Color-coding is by the visible spectrum with dark red
corresponding to P = 1 y, and dark purple to P ≥ 14 y. Parameter values as in Figure
2.
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next before being consumed more or less entirely in a major conflagration. Still
further increases in combustibilit y return the system to the annual pattern – the
tinder has become so flammable that it burns every summer and never accumulates.
This explains the overall form of the control diagram.

To comprehend the consequences of varying non-contact related parameters, we
observe that more tinder, i.e., Susceptibles, results from increasing loss of immunity,
r, and also from greater reproduction, m.6 Likewise, decreasing latency (larger a)
increases the number of sparks. In both cases, transmission, which depends on S × I,
will be promoted, and bifurcation curves shifted left. Correspondingly, decreasing
the infectious period (larger g) impedes transmission (fewer sparks) and right-shifts
the curves.

Robustness. Following [11, 15, 16, 23], we imagine that qualitative robustness of
the �0�0B control diagram likely explains the successful use [13] of historical data
to parameterize equations that omit important biological details. If this is correct,
age structure [5, 41], non-exponential transitions between host population classes
[15, 16, 29], nonlinear transmission [73-75], more realistic forcing functions [11,
22, 41] and other complicating factors, will prove similar in their effect on overall
parametric dependence to the results reported here.

The broader issue is the extent to which “bad” models can be made serviceable by
judicious choice of parameter values. Ideally, one estimates parameters independ-
ently of experimental observations and compares observation to prediction.
Failure to obtain satisfactory levels of correspondence is then deemed grounds for
reformulating the model. But this presumes the abilit y to characterize accurately
both the mechanisms and the parameters. As a rule, increased biological realism
necessitates more equations and more parameters, with the consequent introduc-
tion of error. In short, the problem is analogous to what one encounters in the
course of numerical integration: decreasing step size reduces the error per step,
but there are more steps, so that the total error can increase

Alternatively, one can estimate some or all of the parameters from the data. This
approach, utili zed by Cushing and his associates ([77] and references therein) in
modeling flour beetle population dynamics, has been applied to childhood
epidemics by [13]. Previously, similar procedures were implemented [20, 39, 40]
as an alternative to estimating seasonality directly [78, 79]. In these investigations,
deterministic and stochastic versions of Equations (3) were solved for 0B values
corresponding to different dynamical regimes and the correspondence, as quanti-
fied by dynamical invariants [80], with historical notifications assessed. Like the
far cleaner Tribolium studies, these investigations viewed the differential equa-
tions as proxies for the “real” equations that determine dynamics in nature.

                    
6 In the case of m, the effect would be more pronounced if births and deaths were decoupled.
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Moreover, the manifest artificiality [73-75] of quadratic transmission and trigo-
nometric seasonality [22] led to the expectation that the “best” values of 0B would
probably differ from those estimated independently. Note the underlying pre-
sumption: that patterns of parametric dependence in the “real” equations and the
proxies are qualitatively equivalent, or, as Schaffer and Olsen [39] observed back
in 1989,

“… that the differential equations … exhibit a range of dynamical possi-
bilities that reasonably approximate what one can expect to observe in
nature, though not necessarily for the same parameter values.” [Empha-
sis added]

In short, one imagines that there exist points in parameter space for which the
proxies reproduce what is actually going on – hence the importance of determin-
ing whether or not the observations reported here generalize.

Conclusion. We close on a dour note. Recurrent epidemics of childhood diseases
and fluctuating densities of Tribolium in a bottle are sometimes held up as ecologi-
cal equivalents of the inclined planes and frictionless pendula of classical mechan-
ics. As such, they are presumed to be representative, at least in their essentials, of
more complex real-world phenomena. But are they? In physics, one can point to
whole disciplines, for example, celestial mechanics, in which simple equations so
accurately predict nature, that theory and observation are effectively equivalent.
Such is surely not the case in ecology where one substitutes potatoes for steel balls
and hill sides for inclined planes, or, to put it another way, where multiple overlap-
ping time and length scales are inescapable. Recalli ng the kingdom of the mapmak-
ers [81], one can, of course, incorporate as much detail as desired in simulo, but only
at the risk of repeating their folly while incurring the diff iculties indicated above.
How best to proceed, we believe, is the fundamental problem confronting theoreti-
cal ecology. Perhaps some combination of phenomenological equations, which
admit to mathematical analysis, and detailed simulation will prove a recipe for
progress – see, for example, Crommelin’s approach [82] to modeling the atmos-
phere.
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