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Abstract.

One of the interesting properties of nonlinea dynamicd systems is that
arbitrarily small changes in parameter values can induce qualitative changes
in behavior. The danges are cdled hfurcaions, and they are typicdly
visualized by plotting asymptotic dynamics against a parameter. In some
cases, the resulting bifurcation dagram is unique: irrespedive of initial
condtions, the same dynamicd sequence obtains. In aher cases, initia
condtions do matter, and there ae mexisting sequences. Here we study an
epidemiologicd model in which multiple bifurcation sequences yield to a
single sequence in resporse to varying a seoond rameter. We cdl this
simplificaion the energence of unique parametric dependence (UPD) and
discuss how it relates to the model’s overall resporse to parameters. In so
doing, we tie together anumber of threads that have been developing sincethe
mid-198G. These include period-douling; subharmonic resonance, attrador
merging and subdiction and the evolution d strange invariant sets. The present
paper focuses on contad related parameters. A follow-up paper, to be pub-
lished in this journal, will consider the dfeds of noncontad related pa-
rameters.
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Environment:
[dp/dt = h{t)]

I ntroduction.

Dynamicd systems [1] are
mathematicd objeds used to
modd the time evolution o

red world systems. In red- /
world  applicaions, ore

distinguishes system from System:
environment. Then the time Mvdt=fsp] | ]
evolution d the system is

determined jointly by interna |

feadbadk and the state of the
environment, while the
environment, which may or Figure 1. The time evolution of a dynamicd

na be variable is unaffeded system is determined by internal processes and the
' environment.

by the system (Figure 1).
Consider, for example, ordinary diff erential equations of form

x=f(x,p)
@
p=h(t)

Here, X, which may be vedor-valued, is the state of the system, the quantity or
guantiti es that “evolve” acording to the processes at hand. Correspondngly,
p, which may also be vedor-valued, is the state of the environment as
represented by parameter values.

The system-environment di chotomy1 motivates complementary approaches to
studying dynamics. On the one hand, ore can fix parameter vaues and study
the evolution d the state variables, x = {x1, ..., Xxo}. Conversely, ore can map
out regions of parameter space orrespondng to dfferent dynamica regimes.
In the first case, ore works in the phase space, which is a vedor space the
axes of which are the values of the state variables. In the second case, ore
works in parameter space. Sometimes, ore does a bit of bath and dots one of
the state variables, or a measure of al them, for example, their Euclidean
norm, against the value of a parameter. The resulting construction is cdled a
bifurcation diagram.

In the present paper, we utili ze dl three gproadesto investigate the dynamics

' While straightforward in principle, distingtishing system from environment can be difficult in
pradice The problem can be espedaly vexing when one is deding with systems in reture, as
oppased to the controlled conditi ons of the laboratory.
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of a well-studed modd of childhood epidemics. In the @urse of this
investigation, we describe the emergence of unique parametric dependence
(UPD), by which we mean the existence of asingle bifurcaion dagram that is
independent of initial condtions. UPD implies global stability [1] over arange
of parameter values and, in the nontrivia case, a unique sequence of
bifurcaions.

SEIR Models of Microparasitic | nfections.

SEIR equations caegorize host i
indvidudls (Figure 2) with
regaed to dseae satus: ‘l’

Susceptible, Exposed (but not > [E] > [1] > [R]
yet infedious), Infedious and
Rewmvered (and immune). As
such, they asaume that
individuals are ather infeded

or nat — i.e, the concept of
parasite load [2, 3 does not

enter. They furthe_r presume Figure 2. SEIR model of microparasitic
that recovered indviduals jnfedions. Individuals enter the Susceptible dass
never re-enter the Susceptible  a birth and progress to become Exposed,
class for which reason they Infediousand Recvered.

are used to modd infedions

such as meades, mumps and rubella, in which a single exposure typicdly
conferslife-long immunity.

The boxes and arrows in Figure 2 can be implemented in various ways. In the
present paper, we work with ardinary differential equations. We further assume

1. Constant host popuation size;

2. Quadratic transmisgon, i.e, the rate & which Susceptibles enter the
Exposed classis propationd to the product, Sx | ;

3. Linear trangition between the remaining caegories, i.e., the rates at
which individuds enter the Infedious and Remvered clases are
respedively propational to E and|.

4. Seasonal variation in transmisson - the so-cdled "schod yea
effed” [4], which we model as asimple trigonametric function.

Trandating these asumptions, al of which doadmitted violenceto hiologicd
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redity ([5- 8] and kelow), into mathematicsyields

S=m(N-95)-B(t)S; E=B(t)I -(m+a)E
2
| =aE - (m+g)l; B(t) = B,(1+ &, cos2rt)

Here, N isthe total number of hosts; m™, the mean hast longevity; a*, the mean
latency period, g, the mean period o infedion, and B(t), the time-varying
contad rate. Note that the sssumption d constant popuation size removes a
degreeof freedom, thereby obviating the need for an equation for dR/dt.

Often [9], Equetions (2) are partialy nondimensionali zed by setting

s=S/N; e=E/N
©)
i=1/N; B ,=B,N
Then
s=ml-s) - B()s: e=B(t)s - (m+a)e
: 4
i =ae—(m+ Q)i; B(t) = B ,(1+ &, cos2rt)
Methods.

The results presented here were obtained by numericd integration d the
differential equations and by continuation d periodic itineraries and the
bifurcaion pants of Poincaré maps constructed therefrom. The latter were
obtained by sampling solution curves of log-transformed versions of Eqgs (4) at
time intervals equal to the period d forcing, which was one yea. To fadlit ate
comparison with the work of Schwartz and hs associates [10-13], parameters
were set to the following values: a = 100, g = 35.84 m = .02, S = [0,3000Q;
andeg =[0,1].

Forward hifurcaion dagrams (Figures 3, 7) on what we cdl the main period-
doubling sequence were mmputed in the usual way [14], with the dtate
variablesinitialy, i.e., for g = 0, set to the equili brial values that obtain absent
seasondlity. Reverse main sequencediagrams (Figures 3 and 7) were initiali zed
with pdnts on the ¢g = 1 attrador computed from the crrespondng forward
diagrams.
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Chaotic saddes (Figure 4) were visuali zed as prescribed by Rand and Wilson
[19). In detal, trgedories initiated within ore or more small cubes
surroundng an attrador were followed urtil re-entering the aibe? From the
data thus generated, T-reaurrent paints, i.e., pants that reaur within a spedfied
¢ after T smulated yeas, were identified. Newton-Raphson roat finding [16]
was then used to locae neaby periodic orbits, the stability of which was
determined viathe caculation [14] of Floquet multipliers. Points on the stable
orbits were used to initialize forward and badkward hifurcaion dagrams for
coexisting resonances (Figures 3, 5, 9.

Periodic orbits were @mntinued [17] — typicdly against ¢g, e.g., Figure 10 —
using secait prediction and chord-Newton corredion with adaptive step
control. As described in [18-20], the required Jambian matrices were
computed using concurrent integration d the equations of first variation.
This alowed us to follow cycles of long period. Saddle-node and period-
douMling bifurcations on the continuations were identified by applicaion d
standard [17, 2] criteria. Continuation d these bifurcaions in the Bo-¢g
plane yielded the bifurcaion curves shown in Figures 8 and 9. By way of
contrast, boundry and interior crises (Figure 8) were identified by brute
forceinspedion d forward and backward hifurcaion dagrams.

Autonomous Dynamics.
In the dsence of seasordity, i.e., when &g = 0, Equations (4) manifest

equili brium dynamics [9]. More predsely, there ae two equilibria. The first is
the “no-disease” State,

(s°,€%i% =(10,0); (5)

the seaond, the endemic state, whichis given by

(s*,e*,i*>:g?ﬂ‘l, M_1-RrRY), il <1-Ro‘l>E (6)

m+a (m+g)(m+a)

Here,

% values of (So, lo) were chosen on [Smin, Snax] and [l min, Ima]; values of Eg, from the
approximation, E =[(m+ g)/a]l [10].
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aB,

" (m+a)(m+g)

Ro (")

is the basic reprodictive rate [9, 27 of the disease, esentiadly the number of
sendary infedions that result from asingle ontagion.

With Ry < 1, the no dsease euilibrium is gable, and the disease dies out.
Correspondngly, with Ry > 1, it is the endemic state that is dable, and the
disease persists. Locdly, there is atranscritical bifurcation at R = 1, at which
paint the equilibria ollide axd exchange stability. More generdly, it can be
shown [23, 24 that, with Ry > 1, the endemic state is globally stable on

Q={(sei)0dR%|sei=0;s+e+i<T. This is an extenson d a
correspondng result first proved by Lamanovich and Yorke [25] for S
models. For somewhat larger values of Ry, two o the three eégenvalues
complexify, and there ae damped oscill ations. Note that becaisea > mand g
>Mm,

Ry =—~, (82)

andthe “small” parameter (seebelow),

£= By = u(R, —1)=m%%—1% (8b)

[10.

Non-autonomous Dynamics.

With the adtion d seasondity, Equations (4) manifest a wide range of
dynamics. These include anual cycles — the smplest resporse to seasond
forcing — and moduations thereof, multi-annual cycles and transient and
asymptotic chaos. Some of these behaviors are shown in Figure 3 (3 = 1500,
wherein the asymptotic dynamics— asindexed by log | —are plotted against the
magnitude of seasondlity, €s. Regarding this picture, we naote the foll owing:

1. Thereisamain period-doubling sequence (MPD) first described by
[11] whereon annual cycles gives way to oscill ations of period 2, 4,
8,..., yeas. These motions bea the imprint of seasondlity: the
number of infedives peaks yealy, regardliessof the overal period.
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4,

Additionally, the higher period cyclesare dl “biennial” in the sense
that time series of infedives manifest dternating high and low
yeas (Figure 2b). As pointed ou by [11], this fad makes difficult
the task of distinguishing such cycles from period-2 dynamics in
the presenceof noise.

In addition to the MPD attradors, there ae coexisting subhar-
monic resonances (CSRs) first reported by [10]. Here, the mark
of seasonality is absent. For oscill ations with rotation number, p
= 1/n, the number of infedives pe&s once during the murse of a
cycle, the anplitude of which is typicdly larger than that of cy-
cles on the main sequence (Figure 2a). Correspondngly, for os-
cill ations with p = m/n, m > 1, there ae m pe&ks per period.
CSRs are the product of sadde-node bifurcaions (SN), which
generate pairs of cycles. Of these, ore is aways nonstable (the
sadd e), whereas the other (the node) isinitially stable.

Like the annua cycle, the nodadl CSRs undergo period-douling to
chaos [10]. The resulting chaotic atradors subsequently lose sta-
bility when they colli de with their basin boundries, which in eat
cae is the stable manifold o the sadde o/cle. These events are
cdled boundary crises (BC) [27]. Theredter, what was formerly an
atrador persists as a chaotic saddle [12] to which neaby trgedo-
riesare dtraded before veaing off in the unstable diredion.

As first reported by [2§], there is a discortinuity in the main se-
quence (in Figure 3c & &g = 0.4), at which point, the MPD attractor
undergoes an abrupt increase in size. Thisevent iscdled an interior
crisis (IC) [27]. It results from collison d a main sequence dtrac
tor with the stable manifold o one of the daotic saddes. What
follows is incorporation d the sadde into the main sequence d-
trador, which causes a qudlitative dhange in the dharader of MPD
dynamics [28]. Prior to the IC, main sequence motions are modua-
tions of the anwal cycle. After the aiss, there is a mixture of
yealy outbregks and subharmonic motions of longer period (Figure
3d). Such mixtures are reminiscent of historicd natificaions for
measles and rubellain North America[28] and elsewhere [29].

3 Here nis the number of paints on the g/cle, and m the number of 2r radian rotations required
to vigit them all [26] when the motion is plotted in a suitable mordinate system such as the S+
plane. Strictly speeking, p is only defined for planar mappings, whereas Poincaré maps of
Equations (4) are threedimensional. To first approximation, however, E(t) and I(t) are linealy
related [10, 11]. This judtifies approximating the stroboscopic dynamics of Equations (4) as
planar maps and the goplicaion thereto of two-dimensional constructs, such as rotation number.
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Figure 3. Complex dynamics in SEIR equations with m= .02, a = 100, g = 35.84; and f}p =
150Q Abbreviations as follows: BC = boundary crisis; CSR = coexisting subharmonic
resonance I1C = interior crisis; MPD = main period-doubling sequence PW = periodic
window; SN = saddle node bifurcaion. Only CSRs with first level Farey sequence rotation
numbers, p=1/n, (seetext below) are shown. a., b., d. and e. Representative time series. .

Bifurcation diagram (trajedories sampled stroboscopicdly). Coexisting attradors gown in
red.
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5. Following the interior crisis, the main sequence ®nsists of dense
bands purnctuated by periodic windows (PW). The latter correspond
to additional subharmonic resonances (Figure 3e) arranged in order
of deaeasing rotation number, p = m/n,

At first glance Figure 3c suggests that the bifurcalion dagram can be divided
into two regions with coexisting bifurcation sequences to the left of the IC and
a single sequence to the right. In fad, this is an oversmplificaion. As dis-
cussd below, the periodic windows to the right of the IC can manifest hystere-
gs, with the result that their associated resonances are partly on and partly off
the main sequence For example, in Figure 3c, period-7 oscill ations coexist
with the MPD just to the | eft of the PW.

Transent Chaosbeforethelnterior Crisis.

Calledively, the daotic saddes produced by the destabili zation d chaotic
CSRs appea to constitute well-defined mathematicd objeds, sometimes
referred to [30] as drange invariant sets (SIS). Like dhaotic atradors, strange
invariant sets are topdogicdly transitive with the mnsequencethat in the limit
of infinite time, trgjedories based at any point ona SIS passarhitrarily close to
every other paint [31]. Rand and Wilson [15], who dscovered such setsin the
IR eguations, cdled them "repellers.” More acarately they are saddes. A
visuali zation d one such SISis shown in Figure 4a. Here, 10" trgjedories were
initialized within a smal region (the red bax) surroundng the main sequence
atrador (an annual cycle) and terminated either after excealing a predeter-
mined number of steps or upon re-entering the neighbahood wherein they
were initiated. Even though all such orbits eventually re-enter the box and
approadh the main sequence dtrador, some of them shadow the SIS for
extended periods. In short, coexistence of a SIS with a nonchaotic atrador
makes passhle daotic transgents, which, dgpending on the particulars, can be
arbitrarily long [32]. This leals to the ideaof "naise-stabili zed chaos' [15]: in
the presence of small perturbations, chaotic trajedories are observable dsent
the existence of a dhaotic dtrador. The aiticd pant is that trgedories in the
neighbahood d the nonchaotic dtrador be temporarily attraded to the
vicinity of the SIS before settling down to the asymptotic state. In the cae of
pre-vacanation oubregks of measles [33], nase-stabilized chaos has been
propcsed [15] as an dternative to asymptotic chaos when redistic parameter
estimates [ 7] placethe system to the left of the IC (but see[34, 39).
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Organization of the SIS.

Chaotic sets are sometimes described as being organized abou "skeletons” of
non-stable periodic orbits [36- 40]. By this it is meant that every point of a
chaotic set is arbitrarily close to such an orbit [1, 3]. The Rand-Wilson
"repeller” is no exception, the periodic orbits in question keing the destabi-
lized CSRs. To visualize apart of this keleton, we identify recurrent points
(Figure 4c) and color-code them by mean pe&k-to-pe& interval, Tm, which is
the inverse, p, of the presumptive o/cle's rotation number. The points ©
distinguished correspondto values of Ty ranging from 1 (dark red) to 14
(dark purple), and they include both the periodic orbits themselves and
neaby pieces of their asociated stable manifolds. In Figure 4d, we super-
pose the gycles, independently identified by Newton-Raphson root finding
[16], with rotation numbersp = 1/3, 14,..., ¥14. As expeded, eat swatch of
color is assciated with a g/cle. Moreover, there ae two such cycles for eath
value of p, which olservation is consistent with the fad that the CSRs are
creded in pairs.

We emphasize that the g/cles identified in Figure 4d represent but a fradion
of the periodic points abou which the SIS is organized. Additional periodic
orbits are aeaed by period-doulding of the stable CSRs, as well as by
periodic windows within the resulting chaotic regions (Figure 5d). In addi-
tion, there ae periodic orbits cdled “ultra-subharmonics’ [41] (Figures 5a,
5b) for which the rotation number isp = m/n, where m > 1. These g/cles can
be ordered acwording to the Farey sequence [26] (Figure 6), which is a
scheme for approximating the red numbers by the rationals.

Like the p=1/n subharmonics, eat utrasubharmonic is the product of a
sadde-nocke bifurcaion with the initially stable g/cle of ead pair undergoing
period-douling to chaos (Figures 5c, 5d). Theredter, the resultant chaotic
atradors are destabili zed by boundxy crises. In short, we imagine that the SIS
is densely popuated by nonstable periodic orbits that can be sorted into a
large, if nat infinite, number of qualitative types correspondng to dfferent
vaues of p.

Responseto Varying a Second Parameter.
Next consder the ansequences to the bifurcaion dagram in Figure 3 o

varying the mean contad rate, So. As hown in Figure 7, the principal effeds
are sfollows:
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Figure 4. Non-stable dhaos in log-transformed SEIR equations (x =Ins;y=Iniandz=Ine). a-d. 3 =
500, €5 = 0.25. e-f. B = 1800 &g = 0.27. Other parameters asin Figure 3. a. and e. The strange invariant
set (SIS). b. Frequency distribution of trajedory lengths prior to re-entering cube of initial conditions
(red box). For ead initial condition, a maximum of 1000 steps were recorded c., d. and f. Reaurrent
points color-coded by the mean pe&-to-pedk interval, Ty= £, in the time series of infedives. Color-
coding is by the visible spedrum (dark red: Tn=1; dark purple: T=14). d. Stable (large aosses) and
unstable (small crosses) periodic points siperposed on color-coded reaurrent points.
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Figure 5. Ultra-subharmonic resonances (8, = 180Q ¢g. = 0.27) with rotation number p =
3/10. a. Nodal cycle b. Saddle gscle. c. The stable g/cle undergoes period-doubling to
chaos with increasing values of ¢g. Coexisting period-2 cycle shown in gay. d. Magnifica
tion of c.

1. The MPD attradors undergo period-doubling. For sufficiently low
values of S, the MPD is nathing more than a sequence of anntal
cycles (Figure 7a). For higher values of Sy,

2. period-douling kicksin, initialy as a “bublde” (Figure 7b). Even-
tualy, there anerges asmall amplitude dhaotic atrador.

3. The CSR hifurcation sequences adso ariginate & “bubles’ — this
can be seen in the cae of the p=1/3 resonance for o = 800 —and
then move to the right. At the same time, the bubles lit into left
and right halves (nat shown), eat ddimited by a boundxry crisis.
With further increases in fo, the right piecemove quickly off the
diagram at gg =1.
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4. The left pieces 1st level 1/3 1/4
also move to the \ /
right and, as they  2d level 2/7
do, become in- /]\
corporated  (Fig-
ure 7b-d) into the  3d level 3/10 3

main sequence &

periodc windows.  Figure 6. The first three levels of the Farey
Incorporation be-  sequence between 1/3 and V4. The ordering can
gins when the be ontinued downwards an infinite number of
boundry crisis evels

that destabili zes a

CSR coincides with the interior crisis and concludes when the gen-
erative sadde nock bifurcaion coincides with the IC. The first of
these events is smetimes referred to as an attrador-merging crisis
[42]; the seaond, as subduction [27]. Both are codimension-2 [17]
bifurcaions. For parameter values between them, the CSR bifurca
tion sequenceis partly on and partly off the MPD. Thus, in Figure
7b, (Bo = 1384, the p = 1/8 sequence has been partialy incorpo-
rated into the MPD. Similarly, in Figure 7c (3o = 1900, incorpora-
tion d the p = 1/4 resonance has just begun, whil e incorporation o
the p = 1/6 resonances is complete. Between them, the p = 1/5
resonance has partly joined the main sequence Finaly, in Figure 7d
(Bo = 2900, incorporation d the p = 1/4 bifurcaion sequence is
complete, bu nat that of the p = 1/3 sequence. Between these se-
guences one observes a periodic windowv of p = 2/7 utra
subharmonics. Likewise, in Figure 7c, the p = 2/11 PW is stuated
between the p = 1/5 and p = 1/6 windows.

5. With further increases of o, the region o large-scde daos ex-
pands, while the estwhile CSRs, now periodic windows on the
MPD, continue to move to right and df the diagram (Figures 7c,

7d).

Simplification of the SIS.

As its constituent CSRs join the main sequence with increasing values of S,
the SIS that exists prior to the IC simplifies. More predsely, with incorporation
of ead CSR into the MPD, the SIS loses an infinite number of periodic orbits.
The simplificaion is apparent if we cmpare the SIS that exists for S = 500
(Figures 4a-d) with the crrespondng SIS for Sy = 1800 (Figures 4e, f).
Whereas the former SIS includes reaurrent points with rotation numbers down
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Figure 7. Response to varying the mean contad rate. a. o = 800. Numerous CSRs coexist with the MPD, which is a sequence of
annwal cycles. The period-3 hifurcation sequence is a “bubble.” b. Sy = 1384 The annuwal cycle on the MPD manifests period-
doublings. The higher period CSR bifurcation sequences have moved dff the diagram at the right. There is also a bubble of large-
amplitude chaos on the MPD delimited by interior crises. c. o =190Q The p=1/6 and p = /5 hifurcation sequences have joined
the MPD, the latter only partly, while the p = 1/4 and p = 1/3 sequences remain off the MPD — the former just barely. The
remaining CSRs have moved doff the diagram. d. Of the CSRsin a., only the p = 1/4 and p = 1/3 remain — the former having been
entirely incorporated into the MPD, the latter only partly.
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to 1/16, the @rrespondng minimum in the seand case is 1/4 - hence the
ubiquitous sades of red correspondng to Tm = 2 - 4 when ore @lor-codes as
in Figures4c and 4d.

Two Parameter Analysis.

The preceading observations motivate atwo-parameter analysis[17, 34, 43, 4}
wherein we ddineae dynamicd possbilities in the So-és plane. (For an
dternative, bu related, approad, see[45].) Here we map ou loci of period
doubing bifurcaions on the MPD and the sadde-noce bifurcations that give
rise to representative CSRs. In the cae of the MPD (Figure 8a), we show the
first threeperiod-douling curves (PD-2, PD-4, PD-8) and the airve of interior
Crises.

Also shown is a airve period-2 sadde-noce bifurcaions (SN). Between this
curve and PD-2, stable aanual and bennial dynamics coexist [8, 34, 44. As
observed by [44], the paint a which the airve of sadde-node bifurcaions
emerges from PD-2 isa mdmension-2 hifurcaion [17], a which juncture, the
bifurcaions on PD-2 change aiticdity [46].

Turning our attention to the CSRs, we map ou curves of sadde-noce bifurca
tions. These aurves delimit regions in parameter space cled resonance horns
[26, 47, within which all periodic orbits have the same reduced rotation
number, Ar, 9., the reduced rotation d cycleswithp =2/4andp = 4/8is 1/2.

In Figure 8b, we show the aurve (SN) of sadde noce bifurcations that delimits
the p=1/3 resonance horn and the first two period-doulding curves (PD)
wherein the stable period-3 and period-6 cycles lose stability. Also shown is
the arve of boundxry crises (BC) that destabili ze the period-3 chaotic dtrador
and the interior crisis curve (IC) noted above. Taken together, these arves
divide the parameter plane into 3regions. In region |, the period-3 hifurcation
sequenceis composed of CSRs, i.e,, it is entirely off the MPD; inregionlll, the
sequence is contained entirely within the MPD where it appeas as a periodic
window. In region Il, the sequence s partly on and partly off the MPD. This
acounsfor theincorporation processdescribed above.

In Figure 8c, we display resonance horns (p=1/3 to p=1/16) for all the CSRsin
Figure 7a (8o = 800). Interestingly, the airves pile up at the left at fo = 200.
This suggests a minimum value of By at which a large (infinite?) number of
CSRs popinto existence. Increasing fo beyondthis value caises CSRs to drop
out, ore & atime, in order of deaeasing rotation number, urtil at fo = 3000,
thereisonly the 1/3 resonance
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The relationship of Figure 8 to the bifurcaion dagrams in Figure 7 can be
appredated by fixing foand varying €s on[0,1]. Correspondngly, the

1 1
a b. p
N
N
€p Ep E
-
BC +
PD-8 v P
IC % 0
PD-4 / * i
+
PD-2 st %#ﬂ
SN ~
0 ~ SN 0 I o |m
0 3000 0 3000
ﬁo ﬁO
1T¢ H ] / 1 d
” i p=1/4
gg T Eg
0 0
0 3000 0 3000
BO BO

Figure 8. Two parameter analysis. a. Period-doubling bifurcations on the MPD. The first threebifurcaions (PD-2, PD-4, PD-8) are
shown. Also shown are the aurve of interior crises (IC) and a arve of saddie-node bifurcations (SN) that produce period-2 orbits.
Between SN and PD-2, stable period-2 dynamics coexist with the annwal cycle. b. The p=1/3 resonance horn. In addition to the airve
of saddle node hifurcaions, two period-doubling curves (PD) corresponding to period-6 and period-12 dynamics are shown. Also
displayed is the boundary crisis curve (BC) wherea period-3 chaotic atradors are destabili zed and the airve of interior crises (IC) on
the MPD. Incorporation of the 1/3 resonanceinto the MPD begins at the BC-IC intersedion and completes at the IC-SN intersedion.
Thisalows division of the parameter plane into the threeregions discussed in the text. ¢. Thep=1/3, p=1/4, ... , 1/16 resonance horns
and the airve of interior crises. d. Ultra-harmonic resonance horns corresponding to the rotation numbers in Figure 6. First level
resonances siown in bladk; second level, in red; third level, in green.
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The relationship of Figure 8 to the bifurcaion dagrams in Figure 7 can be
appredated by fixing Ao and varying €s on[0,1]. Correspondngly, the bifurca
tion sequences reported by [8] and [48] for arelated model (seebelow) obtain
qualitatively if one fixes ég and varies fo.

It is worth observing that only a small number of resonances adually make it
into the MPD. For the rest, the horns bend uptoo steeoly to intersed the IC
curve. Note that at moderate to high values of fo, the arves ort out in arder of
deaeasing values of p as one increases €g. Thus the order in which resonances
appea in the bifurcaion dagrams (Figures 3 and 7) acwrds with the Farey
orderingin Figure 6.

Figure 8d completes our survey of resonance horns. Here we plot ultra-
subharmonics correspondng to values of p between 1/3 and Y4. Like the 1/3
and 14 resonances, these g/cles also intersed the IC curve and are incorpo-
rated into the MPD at higher values of fo (Figures 7c, d).

Discussion.

A Global Perspective. The present analysis extends previous investigations [ 2,
58, 12, 13, 15, 20, 22, 25, 28,-38, 43, 4958] by offering an owerall per-
spedive on the remarkably variegated dynamics that obtain when a smple
epidemiologicd mode is subjed to seasona forcing. In so dang, we tie
together a number of threals that have been developing in the goidemiologicd
literature since the mid-198Gs. As enumerated abowve, the relevant dynamicd
phenomena ae the foll owing:

1. Period-douling to chaos, first reported by Aronand Schwartz [11],
onthe main sequence (MPD).

2. Subharmonic resonances (CSRy), first reported by Schwartz and
Smith [10] (see &s0, [8, 45, 59), that coexist with the MPD.

3. Strange invariant sets (SISs), first reported for Equations (4) by
Rand and Wil son [15], which aso coexist with the MPD.

4. Boundry crises, whereby CSRs are destabilized [10, 13 and be-
come part of the SIS.

5. Interior crises whereby elements of the SIS are incorporated into
the MPD [2§].

The present analysis suggests that these phenomena ae part of aunified whde:
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As parameters vary, periodic orbits are born, destabili zed and keaome parts of
chaotic atradors that themselves lose stability and join the SIS. The latter
subsequently simplifies as its constituent saddles squentially merge with the
MPD.

Our results also make @mntad with hifurcaion theory. As noted abowe, the
BC-IC and SN-IC coincidencss, i.e., attrador merging [42] and subdiction
[27], that initiate and complete CSR incorporation into the MPD are di-
mension-2 hifurcaions that can be studied with reference to hanoclinic and
heteroclinic conredions [1, 6J. This suggests the possbility of higher
codimension kfurcaions that are the birthing placeof the periodic windows
[61] (see &s0, [62-64)).

Effects of Noise. The present analysis is entirely deterministic, a simplifica
tion that limits its red-world applicability. Given finite popuation effeds
[58, 69, randam forcing of disease systems in reture is inescgpable, even in
the asence of environmental change. Probably the most widely appredated
epidemiologicd consequence of noise is disease extinction [66-69] in small
to moderate sized popuations. But even in the dsence of such “fade-outs,”
stochastic forcing can have dramatic dfeds. Thus, with noise alded to the
dynamics, bah stable CSRs and attradors on the MPD, as well as sdde
cycles of the SIS, will be visited. There ae other possbiliti es as well . One of
these, reported by [13], is bi-instability (B-1), so-cdled because it involves
two urstable g/cles — for example, the period-1 oscill ation, destabili zed by
period-doulding, and the saddle period-3 cycle. In this case, the unstable
manifold of the period-3 cycle and the stable manifold o the period-1 cycle
manifest heteroclinic aosdngs and a tangle (see [13], Figure 2). In the
presence of stochastic forcing, B-l generates sustained dynamicd complex-
ity, and is therefore an aternative to ndse-stabili zed transient chaos on the
SIS.

Figure 9a delinedes the region in parameter spacewherein period-3 B-1 isthe
sole possble source of complex dynamics. Also shown is the @rrespondng
region invaving the unstable period-4 cycle. In Figure 9b, we do the same for
thep = 2/5 andp = 2/7 utra-subharmonics. Manifestly, these regions are dose
to those for which there ae other sources of instability, with the result that
distinguishing B-I from asymptotic and nase-stabili zed chaosin neture may be
difficult.

Like naise-stabili zed chaos, B-I blurs the distinction between deterministic and
noise-mediated complexity. Both phenomena give enphasis to the dictum that
the behavior of norlinea systems often refleds the influence of nonstable, as
well as dable, invariant sets— see[65, 70, 7] for examples and dscusson.
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0 3000 0 3000
Bo Bo

Figure 9. Regions of bi-instability in relation to a. the 2 = 1/3 and p = 1/4 resonance horns and b. the p = 2/5 and p = 2/7
ultra-subharmonics. In a., the rotation numbers are “unreduced,” e.g., » = 2/6 refersto period-doubled 3-cycles.

2.4 Stable a. 2.9 Stable b
Unstable Unstable
X
super
2.9 3.7
10 Ep S50 .05 Ep 30

Figure 10. Supercritical period-doubling of the annual cycle gives way to subcritical period-doubling with increasing values of fo.
In the latter case, stable axnual and biennial dynamics coexist. Compare with Figure 2 of [34]. The transition between these two
dynamicd regimes occurs at the m-dimension 2 hifurcation shown in Figure 8a, i.e., where the airve labeled SN branches from
PD-2. a. B = 1500 b. S, = 290Q
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More Realistic Models. As noted above, Equations (4) diverge from biologi-
cd redity in a number of ways. Among the more egregious departures are the
following:*

1. The assumption d linea transitions between Expaosed and I nfedious and
I nfedious and Remvered categories. This presumption results in exporen-
tia distributions for the latent and infedious periods, which intervals being
boundd in reture, isclealy urredistic [34, 35, 72

2. The assumption that seasondlity is adequately modeled by sines or cosines.
Such functions fail [5, 6, § to cgpture the on-off charader (“term-time
forcing”) of the schod yea, which is generaly held [4] to be the principd
sourceof seasond variationin contad.

Regarding these complications, we observe that their inclusion, while dfeding
the quantitative detail s of parametric dependence, heslittl e dfed onthe overal
pattern. Spedficdly, more redistic modeling [34, 35, 77 of latency and
infedious periods, onthe one hand, and seasondity [8], onthe other, shift the
bifurcaion curves in Figure 8 to the left. This makes for better agreament
between theory and olservation, bu doeslittl e to change the overal picture.

For example, in the ourse of studying a SR model with redistic distributions
of infedious periods, LIoyd [34, 39 observed the same dange in criticdity of
the first period-douling bifurcaion predicted by Equetions (4). The difference
isthat in Lloyd's model the dhange occurs at lower values of B - compare our
Figure 10, with hisFigure 2 [34].

Similarly, Earn et al. [8], while retaining the sssumption d exporentialy
distributed infedious periods, substitute term-time forcing for the @sine
function in Equations (4). Still, their Figure 1 is qualitatively compatible with
our analysis as simmarized in Figure 8 —just follow atransed of increasing Ao
for fixed €.

Asdiscussd in [78], Equetions (4) are dso consistent with the observation [8]
that multi plying the production d Susceptibles, by increasing m, is destabili z-
ing — again, the bifurcation curves are shifted left. To be fair, howvever, it is

* Other unredistic asumptions include the following: 1. The assumption of quadratic
transmisgon kinetics, surely an over simplificaion gven uper limits on the number of
Susceptibles that a sinde infedious individual can contad [73, 74]. 2. The assumption of
homogeneity with regard to age [5-7] and space[67, 68, 75, 76], which negleds fad that
exposure goes up when children first enter school and that people sort into vill ages, town
and cities and, within cities, into neighborhoods. 3. The exclusion of demographic stochas-
ticity noted above — espedally troubling gven the small numbers of infeded individuals that
can obtain urder Equations (4).



Schaffer and Bronnikova 22

worth panting out that the use of any constant popuation size model to predict
the dfeds of changing birth ratesin the red world is probably inappropriate. In
nature, rates of reproduction and mortality are nat locked together in equality
as Equations (4) and their alli es presume.

Preservation d the global, abeit shifted, dynamicd picture dso oltains when
one varies the noncontad related parameters, a and g, and relaxes the &
sumption d permanent immunity [78].

Origin of Parametric Uniqueness. The most intriguing result presented here
is the rightward march of CSRs (Figure 8) in the gg bifurcaion dagrams as
one increases the value of fo. For values of By in excess of some aiticd
minimum, a large, probably infinite, number of stable motions coexists with
the MPD. For larger values of fo, these motions move to the right and are
incorporated into the main sequence with the mnsequent emergence of UPD.
Does this observation have agenera explanation? We susped that it may.

In studies of two and three spedes predator-prey systems, King and Schaffer
[19, 2Q showed that the dynamicd consequences of seasondity could be
understood in terms of two limiting cases. The first is a Hamiltonian [79-81]
limit, A a which pant, the system is conservative and satisfies canoncd
equations. Here, there is an infinite number of overlapping resonance horns,
and everything depends oninitia condtions. The seaondlimit, I, isa arve (in
the limit of zero seasondlity, atherwise asurfacg of periodicdly perturbed
Hopf bifurcaions [37, 8284], onwhich ead resonance horn is represented by
a single paint. Moving from #'to I' thus corresponds to the emergence of
UPD. Whether coincidence or consequence of some underlying generdity,
charting atransed of increasing values of o for fixed gg in Figure 8c is $milar
to increasing log o for fixed log n in Figure 4 of [19] in the sense that reso-
nances drop ou sequentially in order of increasing rotation nunber.

In the present case, there is neither a Hamiltonian limit nor a Hopf bifurcation.
Thereis however, aneaby (nonHamiltonian) conservative system that obtains
in the auttonamous case & the small parameter

=B, -0 9)

[10]. We speaulate that the emergence of UPD documented above may prove
explicable by reformulating Equations (4) as a perturbation d a more genera
model that admits to the eistence of Zand I'. Such an embedding would
necessarily relax the asumption d constant popuation size, which fortuitously
would aso be astep in the diredion d increased hiologicd redism.
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