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Abstract: A recently proposed model of human popuation and carbon uili zation is re-
viewed. Depending on parameter values, ore of three posgble long-term outcomes ob-
tains. 1. Atmospheric carbon, [CO;]am, and human popuations equili brate & positive
values. 2. The human popuation stabili zes, while [CO,]am increases withou bound. 3.
The human popuation goes extinct and atmospheric carbondedinesto 0. The final pos-

sibili ty is qualitatively compatible with bah “consensus’ views of climate cdiange and the
opinions of those who argue against it.
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In a recent communicaion to this journal, Lonngren and Bai (2008 propased what a student of bio-
chemica kinetics would refer to as an “abstract” model (LB) of human popuation growth and anthro-
pogenic dimate change. Phenomenaological models, because they omit compli cating factors, are incagpa-
ble of quantitative prediction. At the same time, their cartoonlike simplicity focuses attention onthe
important task of identifying mechanistic esentials. They are dso amenable to mathematical analysis,
with the consequence that they can dften be understoodin detail. By way of contrast, elaborate smula-
tions run the risk of repladng poorly understood systems with models that are likewise opagque (Borges,
1998. This having been said, bah the analysis of LB and its derivation warrant comment. The purpase
of thisnote isthreefold: first, to clarify the model’ s dynamics; second,to reconsider its assumptions and
finally, to suggest a somewhat more general scheme for contemplating the aevolution d carbon and
climate. By way of conclusion, we note that LB’s most noteworthy prediction — human extinction and
no atmospheric carbon (more accurately, anthropagenic carbon) — is qualitatively consistent with bah
the ansensus view of global warming and the opinions of thase who argue against it.

The LB Model. The equations propcsed by Lonngren and Bai are & foll ows:

P=aP-BPC+yC
1
C=-5C+eCP

Here superscripted das sgnify time derivatives. Additiondly, P is the human popuation; C, the on
centration, [CO;]4m, of atmospheric CO, and the quantities, a, S, J, € and y, pasitive parameters. Note
that Equations (1) replacetheterm, —yC , inthe original with +yC . Thisreflects the fad that Lonngren
and Ba set y =-.01 in the murse of implementing their equations numerically.

L B Dynamics. Equations (1) have two equili bria— a trivia equili brium (P, C) = (0, 0) and a nortrivial
equili brium, (P, C) at

P =3¢ c=_alole) 2
B/e)-y
Of these, the origin, (0, 0 isasadde, with eigenvalues, A, =-9; A, =a.
Positivity of (P, C) requires
{=p(d/e)-y>0, ©)

which is also the cwndtionfor locd stability. More predsely, the egenvalues are roats of the tharacter-
istic equation
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A@)sﬁ+%¥A+a5=o. (4a)

Satisfadion d condtion (3), i.e.,, £ >0, guarantees that
the roots of Equation (4a) are negative, Iif real, or that
they have negative real parts, if complex. Conversely,
¢ <0 implies that the roots of Equation (4) are real posi-
tive, or have pasitive real parts. In either case, the cond-
tionfor complex roats, and hencefor oscill ations, is

, _ay?
>
¢ 40

(4b)

It is useful to compute the zero-growth isoclines (null
clines) of Equations (1). These obtain by setting the time
derivatives equal to zero. Thus (Figure 1),

aP
BP-y

P=0< C(P)=

5
C=0- P=d/¢

Note that in the limit of large P, C(P) - a /[ . Also nde
that the P-isocline diverges at P=y/[. As a result,

there are two branches, orly one of which is hown in the
figure. The other branch is in the 4" quadrant and traces
from theoriginto (y/ B, —).

/B

Y/p P

Figure 1. Zero growth isoclines and repre-
sentative trajectories for Egs. (1). For both
cdculations. @ =0.2; B=01; €=0.1. a
y=015; 6=04.b. y=015; 6=0.1
Ina, { =B(0/g)-y>0.Inb, £ <0.

Zero-growth isoclines inform one’'s understanding of motion —more technicdly, the “flow,” (Gucken-
heimer and Holmes, 1983 — in the phase plane. In the present case, trgjedories to the right of the C-
isocline move up, while those to the left, move down. Correspondngly, trajedories above the positive
branch, i.e, for P>y/ 3, of the P-isocline move left, and those below, to the right.! One can thus
popuate the P-C plane with vectors indicaing the joint motion d the two variables. The reader can con
firm that the sample trgjedoriesin Figure 1 conform to the “directionfield” so constructed.

As down in Figure 1, the dynamics induced by Equations (1) depend crit*i cd*ly on whether or not con
dition (3) is stisfied. When it is (Figure 1a), the system settlesdown to (P, C). If condtion (4b) isaso
satisfied, the gpproacd to equili brium is via damped oscill aions, in which case the period, T, nea equi-

librium is given by

YFor P<y/ 3, thesituation is reversed. Trajedories above the left branch of the P-isocline move right; those below, left.
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21T
T= )
401c$—(ory/c?)2

(6)

This is the cae reported by Lonngren and Bai. Conversely, when condtion (3) is violated (Figure 1b),
trajedories follow the acending branch of the P-isocline. In the limit of largetime, (P,C) - (y/ 3, »)
—1i.e, the human popuationtendsto afixed value, while amospheric carbongrows withou bound.

Negative y. Lonngren and Bai observe that with y =0, 10

Equations (1) are formally equivalent to the model of _
Volterra (1926), with atmospheric cabon gaying the role C=0
of predators, and the human popuation, that of their vic- C

tims. Then, the nonttrivial equili brium is a center, and the

P-C plane, densaly filled by an infinite number of neu-

trally stable periodic orbits.”

With the adition d the term, +yC, the model beaomes - @%’ «/p
= — —_—))/

something else entirely. Now the “predators,” in addition
to eding “prey” in propationto SPC, augment the lat- 0 d/e P
ter’s growth rate in a manner that is independent of their

density. The number and variety of emlogicd interac  Figure 2. Zero growth isoclines and repre-
tions being effedively limitl ess ore can conjedure pos-  Sentaive trgectories for Equations (1) with
sible examples. For example, hoded mammals consume ¥ <0.Here a =02; 3=0.1; y =-0.15;
plants (negative effect) in rough proportion to the multi- 0 =0.4 £ =0.1.

plied densities of consumer and consumed. At the same

time, they fertili ze the soil with their droppngs (positive dfed). If one imagines vast numbers of such
creaures moving corntinually aaosslarge aeas — think bison, wil debeest, etc. — this enrichment will be
independent of the local density of forage and thus ®lely in proportion to the size of the herd.> Such
mixed interadions are not without interest. But they are along way from the paradigmatic example of
“rabbits and foxes.”

10

What abou negative values of y, the analog of bison trampling prairie grasses into the ground? The @n-
sequence of this change is shown in Figure 2. In this case, trajedories leave the vicinity of (P, C), ei-
ther diredly or via oscill ations of increasing amplitude — the cae shown. Eventually, P goes negative.
Thereafter, the saddle & the origin shoastragjedories off to (P,C) = (-, 0).

To summarize this and the precaling sedion, we have learned threethings:

2 One way of establishing thisisto observe (King and Schaffer, 1999 that, under a suitable transformation of coordinates, the
equations are Hamilt onian.

% The analogy’s legitimacy thus depends on the ratio of migratory to digestive time scaes.
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1. With y #£0, LB dynamics are quite different from those observed in conventional predator-
prey models.*

2. With y paositive, the human popudation stabili zes at a positive value, while [CO;]am ether
stabili zes or increases withou bound.

3. With ynegative, the human popudation goes extinct (P - —o ), and [CO,] 4m dropsto zero.

Thefinal posshility reminds usthat C is best thought of as anthropogenic, as oppased to total, CO..

Derivation of the Model. Whether or nat Equations (1) are usefully viewed as a modified predator-prey
system is of interest primarily to those with affection for such models in their traditional context. To as-
sesstheir relevance to human popudations and climate, it is necessary to consider the reasoning and as-
sumptionsin badk, so to spe&k, of the paper.

1. Human Population Growth. P =aP-[BPC+yC.

1. The term, aP, asumes exporentia growth absent other effeds. This may or may not be
reasonable. Reproduced in many ecology texts, e.g., Hutchinson (1978, is the fit of pre-1940
American census data to the logistic equation which presumes an absolute Gap (carying ca
padty) on density. However, as everyone knows, the US popuation continued to grow there-
after, revealing the “fit” to be afantasy. Today, human popuation growth rates are declining,
and it has been suggested that the world’s popuation may stabili ze & as littl e a 7-8.5 hlli on
souls (Duncan and Foley, 2000Q.

2. Theterm, — BPC, presumes a negative dfed of atmospheric cabon on hunan reproductive
potential, i.e., the per capita rate, whichis (a — BC). Of this, there can be now doult, though
passbly nat for the reasons usualy given. Increasing [ CO,] 4m may or may nat prove harmful
to humans via planetary warming — | do nd wish to enter that discusson here. But the quasi-
religious fervor now sweeing the world, if unchedked, will surely wreck the global econamy
(Byatt et al., 2006 Yol and Yohe, 200§ with consequent reductions in the net rate (per cap-
ita births minus per capita deahs) of human increase. Indeed, ane may observe more gener-
ally, that sustainabili ty is linked by its advocates, e.g., Desvaux (2007) to cdls for substantial
reductions in the human popuation (Kanie, 2008.

3. The term, yC, corresponds to augmentation, if positive, or diminution, if negative, of the
total (as oppased to the per capita) rate of human increase. “The danging popuation,’
Lonngren and Bai suggest, “will be dfeded by the dange of the fossl fuels in the eath.”
Fair enough. But on human time scales, C, being the mncentration d atmospheric cabon,is
not necessarily correlated with reserves in the ground. Nor is it obvious that such a relation

“ By “conventional,” | mean the range of possbilities encompassed by the models of Volterra (1926), Rosenzweig and
MacArthur (1963) and MacArthur (1970.
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shoud hdd onthe longer time scales to which Lonngren and Bai allude — their reference to
dying popuations being buried and decaying into fuel. Moreover, modeling the amosphere
on such time scdes requires reference to geologicd processs, e.g., Berner (2006) — certainly
not aplaceto visit when formulating simple models.

As to modeling human adivity millenniainto the future, ore can orly marvel at the authors
audadty. Our spedes is geologicaly recent. Uggg, the caveman, buned renewable fuels.
And even though many of his descendants continue to dolikewise (Martinez and. Ebenhack,
2008, they, aong with members of more tecdhndogically advanced societies, engage in ac
tivities that would have been dfficult for Ugg to anticipate. Thus, while Pournelle et al.
(1991 may have accurately prognosticaed the evolution d climate pdlitics, and pessbly
even climate science, some 20 yeas into the future, forecasting techndogicd change over
hundeds, much lessmilli ons, of years would seem quiteimpossble.

2. Atmospheric Carbon. C =-0C +¢CP.

1.

2.

Regarding the term, —dC, Lonngren and Bai asert that “increasing amourt[s] of carbon d-
oxide in the amosphere will shield the solar radiation receved at the earth and will therefore
reduce the production d fossl fuels.” This sams at odds with the view, e.g., Covey (1989)
and McGuffie and Henderson-Sellers (2005, that the principa effect of increasing geen-
house gas concentrations is to reduce re-radiation d absorbed solar energy as infrared. If, as
is widely believed, hgher [CO,]am Warms the dimate, energy consumption may well de-
cline. But this effed will bein propation to the human popudation, in which case, the gpro-
priate term is —d PC. Then atmospheric carbonincreases or declines depending on whether

d<¢ orviceversa. On the other hand, regulatory resporses to increasing [COz]am, as en-

dorsed, for example, by the Stern Review (Stearn et al., 200§ and more extreme scenarios
(Kanie, 2009, are arguably modeled in the way Lonngren and Bai propcse. That is, what
drives regulation is total atmospheric carbon, as oppased to carbon per individual. Similar
considerations may apply to atmospheric scrubking by the biosphere.

The term, + £PC, models the generation d atmospheric carbon, with [CO;]am Serving as a
proxy variable for fuel.

A Modest Generalization. Lonngren and Bai point out that their model assumes replenishment of fossl
fuels over geologic time. Relaxing this assumption, they suggest, leads to a different solution —no car-
bonand no mople. In fad, reducing carbon replenishment via the parameter,&, moves the C-isocline to
the right. In the limit, € - 0, and (P,C) - (e, a/ ). This follows from the fad, naed abowe, that in
the limit of large P, C(P) —» a/ 3. Asared-world prediction, thisis hard to swallow. Absent replace
ment sources of energy, a dearth of fossl fuel shoud reduce human popuations to pre-Industrial Revo-
lution levels, at the least. What is missng is a techndogy-dependent celing on human popuation
(Deevey, 196Q Kremer, 1993. Additionally, Equations (1) use the variable, C, to represent both avail -
able fuel and atmospheric cabon. This suggests the utili ty of distinguishing [CO,]am from fuel, and fuel,
from reservesin the ground.In this case, one might have something like the foll owing:
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R= A(P,F)-B(P,F,R): F = B(P,F,R) - D(P,F);
(7
' : P O
C=eD(P,F)-H(C): p-pd_-_P
¢bE.R=HO r% Gh

* Inthe first equation, poven reserves, R, accumulate & rate, A(P,F), and are etraded at rate,
B(P,F,R).

* In the second equation, available fuel, F, accumulates at rate, B(P,F,R), and is consumed at
rate, D(P,F).

* Inthethird equation, atmospheric carbon, C, acaumulates at rate € D(P, F) , where € is the frac
tion d consumed cabon released into the amosphere. Correspondngly, C is depleted in pro-
portion to its concentration —by natural processes such as phaosynthesis, and passbly, by hu-
man techndogy.

* The fina equation models human popuation growth, in which case the maximum suppatable
popdation, K(F), isassumed to depend onavail able fuel.

One muld, and probably shoud, further include the eff ects of carbonreduction schemes, in which case,
the extradion and consumption functions, B(Dland D()], as well as the parameters, &, r and the carrying
cgpacity, K(F), would depend onC. The gpropriate dhoice of the unspecified functions is, of course,
beyondthe scope of abrief communicaion

Fluctuating External Inputs. Even two variable models, when subjeded to fluctuating external inpus,
can manifest a wide range of behaviors. These include periodic and chaotic oscill ations on time scdes
far longer than the period d the forcing — see King and Schaffer (1999 and Schaffer and Bronnkova
(2007 for examples in emlogy and epidemiology. In the cae of carbon and climate, such forcing can
result from variations in the solar constant, perhaps amplified by the mechanism suggested by
Svensmark (1998, 2007 — bu see Lockwood and Frohlich (2007 who dsagree. This sts up the poss-
bility of climatic shifts of the sort described in the archaeologicd, e.g., Arneborg et al. (1999 and pa-
leoclimatologicd, e.g., Andersen et al., (2004 literature, na in terms of one to ore wrrespondence with
external drivers, bu as resonart resporses to “periodic” forcing.

Conclusion. Our analysis of Equations (1) is compatible with bah the conventional wisdom and argu-
ments against it. LB tells us that with y <0 (negative carbon effect), mankind perishes. What is not
spedfied is the medhanism by which atmospheric carbon affeds popuation gowth. Those who endarse
the “consensus” view will paint to the dired effed of climate warming® and its anticipated sequell ae. By

® For aminimally alarming estimate of climate sensitivity to [CO,]4m, See Chylek and Lohmann (2008.
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way of contrast, skeptics will paint to indired effeds — the untoward and unrecessary consequences of
cabonmitigating societal resporses — to human reproduction and survival. Which view is correct can-
nat, of course, be determined by appeal to Equations (1) or (7). What these models can dois to focus
attention onthe question.

Acknowledgements. | thank Profesors Lonngren and Bai for graciously agreeing to read and comment
on the manuscript. The arors remain my own.
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